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A FATOU THEOREM
FOR THE SOLUTION OF THE HEAT EQUATION

AT THE CORNER POINTS OF A CYLINDER

KIN MING HUI

Abstract. In this paper the author proves existence and uniqueness of the

initial-Dirichlet problem for the heat equation in a cylindrical domain D x

(0, oo) where D is a bounded smooth domain in Rn with zero lateral values.

A unique representation of the strong solution is given in terms of measures p.

on D and k on dD. We also show that the strong solution u(x, t) of the

heat equation in a cylinder converges a.e. xq e dD x {0} as (x, t) converges

to points on 3D x {0} along certain nontangential paths.

Introduction

The existence and uniqueness of the initial-Dirichlet problem for the heat

equation in a cylindrical domain D x (0, T) subject to Dirichlet boundary

conditions u\dDx^,T) = 0 where D is a bounded smooth domain in R" have
been studied by a large number of researchers. (See [F, LSU, FGS].)

In this paper, by following the argument of Dahlberg and Kenig [DK2], I

prove the existence and uniqueness of the nonnegative strong solution of the

initial Dirichlet problem (IDP) for the heat equation in a cylinder D x (0, co),

D £ C°° , with Dirichlet boundary condition «aox(o,oo) = 0 •

In fact I show that corresponding to each nonnegative strong solution u(x, t)

of IDP, there exists a pair of measures p on D and X on dD such that

u(x,t)=  [ G(X,t;Q,0)dp(Q)
Jd

+ [   -^-(x,t;Q,0)dX(Q)
JdD OHq

where G(x, t; Q, s) is the Green function for the heat equation and d/dNQ

is the derivative in the direction of the inward normal at Q.

I also find that the strong solution u(x, t) of the heat equation in a cylinder

converges a.e. xo £ dD x {0} as (x, t) converges to points on dD x {0} along

certain nontangential path. In fact I prove that
Ñ A1

lim      u(x, t) = -j= • -j-   a.e. x0 £ dD x {0}
(x,/)er>(*o) v47t   da

_        Í-.0
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where Yß(x0) = {(x',x„, t) £ D x (0, T) : \x'\ < Cxn, x„ = ßt3/2}, x =

(x', x„) is the local coordinate of the point x with respect to the local coor-

dinate system at xn with origin at xn and with the plane {xn = 0} tangent to

dD at xo, and |£ is the Radon-Nikodym derivative of dX with respect to the

surface measure do on dD.

While the existence of Fatou type limit on the lateral surface and bottom

of a cylinder has been investigated by Fabes, Garofalo, and Salsa [FGS], Fabes

and Salsa [FS] in the case of nondegenerate parabolic equation, and by Kemper

[K] in the case of heat equation, nothing is known about the behaviour of the

solution u(x, t) as (x, t) tends to dD x {0}. My result is entirely new. I have

also shown that the index \ appearing in the definition of Yß(xo) is essentially
sharp.

By using the argument of M. Grüter and K. O. Widman [GW], we will

establish various estimates for the Green's function of the heat equation in

D x (0, co) in §1. (The author was informed by Professor Russell Brown that

similar estimates were obtained by E. B. Davies [D] using logarithmic Sobolev

inequalities.) In subsection 2.1, we will show that any strong solution u of the

(IDP) has a trace p on D and a trace X on dD with JxeDô(x)dp(x) < co,

Sq&d dX(Q) < co, S(x) = dist(x, dD) and Vf/ eC°°(Rn), n\dD = 0,

lim/ u(x,t)n(x)dx = \ ndp+ /    T-rTdX
'-oyD JD JödON

following the same line of proof as [DK2].

In subsection 2.3, we will prove some priori estimates for the strong solutions

u of the (IDP) of the heat equation in a cylinder. In subsection 2.4, we will use

the methods in [JK], [K] and [FGS] to prove the convergence a.e. on dDx {0} of

u(x, t) as (x, t) —> (Qo, 0) £ dD x {0} along the nontangential paths Yß(Q0)

by assuming the everywhere convergence a.e. of the solution u of the heat

equation at the corner points dD x {0} with initial trace (dp, dX) = (0, da)

where da is the surface measure on dD along these nontangential paths.

And in subsection 2.5, we will finish the proof by proving the everywhere

convergence of such solution u along

Tß(Qo) = {(Q, s) = (Q',Qn,s)£ R"~x xR+xR-:

\Q'\<MQn,   Q„=ß(-sfl2<a}

for all corner points (Qo, 0) £ dD x {0} by using layer potential method.

Finally in subsection 2.6 we will show that the index | on í in the definition

of the nontangential cones at corner points are essentially sharp.

1. Estimates for the Green function

In this section we will establish various estimates on G(x, t; Q, s) the Green

kernel of the heat equation in D x (0, oo) following basically the line of proofs

of [GW] for the estimates on the Green's function for the Laplacian. We will
start with a lemma.

Lemma 1.1. Let Ur be a solution of the heat equation in DRx(0, (2R)2) where

DR = 73(0, 2R)\B(0, R) with boundary value given by <f>(x/2R, t/(2R)2) where
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4> £ C°°(dp(Dx x (0, cx)))) with

( (p(x,t) = 0   for(x,t)£dB(0, l)x[0, 1)U(73(0, 1)\t3(0, 1/2)) x{0},

\<f>(x,t) = 0   for(x,t)£dB(0, 1/2) x (1/2, 1),

and 0 < (j) < 1. Then

C
\\VXUR(X, 0lli.=»(7)/ix(0>(27?)2)) < ^ < °°

for some constant C > 0 independent of R.

Proof. The lemma follows from the boundary Schauder's estimate. (See [F, p.

65, Theorem 6].)

Corollary 1.2. Let vr be a solution of the backward heat equation dsvR+AvR = 0

in DR x (-(2R)2, 0) where DR = 73(0, 2R)\B(0,R) with boundary value </>
where 4> £ C°° and

■ <p(Q, 5) = 1   for (Q,s)£ 073(0, 2*) x (-(2R)2, 0]

or (Q,s)£ (73(0, 2R)\B(0, R)) x {0},

XQ, 5) = 0   for (Q,s)£ 573(0, R) x (-(2R)2, -2R2)

and 0 < 4> < 1. Then

C
\\VxVr(X, 0llz/»(üRx(-(2Ä)2,0)) < -^ < oo

for some constant C > 0 independent of R.

Lemma 1.3. For 0 < s < t < T, T > 0, we have

(i)

G(P,t;Q,s)< ^L^-^-ôl2/^),        P, Q £ D,

(ii)

(iii)

(iv)

G(P,t;Q,s)< {t™\2me-C¡P-Q¡2,{'-S) »        P > Ô ^ -

G(P,f,Q,s)< f^ß$e^p-®2'^,        P,Q£D,

7 (P,t;Q,s)
dNQ

CÔ(P) lP_Ql2/{l_s) 0£dD
-tt-s)n+2l2 '

where d/dNQ is the derivative in the direction of the normal to dD at the point

Q£dD, S(P) = dist(F, dD), and C is a constant independent of P, Q, t, s.

Proof, (i) is proved in [LSU]. To prove (ii), note that since D is smooth, dD

satisfies the exterior sphere condition, i.e. there exists a positive constant h > 0

such that for each x £ dD, V0<r</î, there exists x0 £ Dc such that

B(x0, r)nD = {jc}.

Case 1.  S(P) > h .
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Then
1<Ô(P)<Ô(P)   (t-s)x'2 <c   Ô(P)

So by (i)

(í-5)!/2-      (í-s)l/2

G(P,t;Q,s)< —ÇL-e-«p-®2/^      â{P)
(t-s)"/2 (t-s)x/2

S(P)
(?-5)"+1/2<

< C"        ^^        ¿.-clf-PI2/«-*)

Cose 2.  S(P)>(t-s)ll2/4.

Then 1/4 < £(/>)/(' - s)xl2. So by (i)

G(P,t;Q,s)<—C— e-W-Qf/l'-')-
(t-s)"¡2 (t-s)V2

,        S(P) cip_0\2,,t_s)

-     (t-s)"+x¡2

Case 3. S(P) < h and Ô(P) < (t - s)x'2/4 < h .

We fix P* £ dD with \P - P*\ = S(P) and set R = (t - s)x'2/4. Since
D satisfies the exterior sphere condition, there exists a Pq £ Dc such that

B(P0, R) C\ D = {P*} . We may also assume without loss of generality that

P~F CD. _
Consider the_cyhnder Q'R = D'R x (t - (2R)2 ,t], D'R =_S(F0, 2R)\B(P0, R).

Then (P, t) £ Qr n D x (0, oo) and for any (P1, f) £ Q£ n D x (0, oo),

t-s > t' -s > t-(2R)2-s

i2     3(t-s)
> t-s

(1L^)_
Now we have either

(a) |i_,|i/2<JLlÖl

or

l^-QI(b) |i-5|'/2>

If (a) holds, then R < \P - Q|/8, so

>

Therefore

P'-Q\>\P-Q\-\P-P'\

>\P-Q\-(\P-Po\ + \P0-P'\)

>\P-Q\-(2R + 2R)

P-Q\

G(P',t';Q,s) < fttfs)n/2e-^'-QW-s)   by (i)

< _C'       c-c\P-Q\2l(t-s)

~(t-s)"l2



SOLUTION OF THE HEAT EQUATION

i|2/

611

If (b) holds, then \P - Q\2/(t - s) < 4 => tr^-OIVC-') > e-*c'   Therefore

C
G(P', t';Q,s)< —^-«.-cl'-CM« -.)   by (i)

In both cases, we have

(t'-s)

< C < C"       r-c'\P-Q.\2/(t-s)

- (V - s)"l2 - (t - s)"'2

G(P\t'-,Q,s)<C^-^j-2e'^-^l^.

If Hr(P' , t') = uR(P' -P0,f-(t- (2R)2)), (F ,t')£QrR where uR is as in

Corollary 5.2, then since

(G(P',t';Q,s) = 0

\ üR(P',t')>0,    V(P',t')£dDx[t-(2R)2,t)nQiR

and

G(P', t';Q,s)< C^-i^e-'I'-ei2/«'-

ür(P' ,0 = 1,    V(F', 0 e dpQ'R nF> x (0, co),

by applying the maximum principle to the functions

G(.,.;Q,5)   and   C^-^e-^-QI2/*'-^ • , •)

in the region Q« n D x (0, oo) we have:

G(P,t;Q,s)< C      l      e-c\p-®2H'-*üR(P, t)

since (P, t) £ Q£ n D x (0, oo).

< C     ¿(f)     c-c\P-Q\2/(t-s)

-    (t-s)"/2
dJiR(p,t)
dip.

pp*
where d/dlp- is the derivative in the direction PP* and P is some point on

S(P)<c
(t - s)"l2

e-c\P-Q\2/(t-s)
c

(t-sy/2
(by Corollary 1.2)

< C'_?(P)__   -ctf-QfKt-s)
-     (t-s)"^l2

Case 4. Ô(P) < h and Ô(P) <h<4h<(t- s)1/2
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We fix P* £ dD as before and set R = h . Since now R = h<(t- s)xl2/4,
the same arguments as in Case 3 imply

G(P, t; Q, 5) < C{t_ls)n/2e-^p-®2^ÜR(P, t)

< C     dlP)     c-c\P-Q\2l(t-s)
(t-s)"l2

o(P)

(t-s)"+x/2'
< CT/. â{P).,„e- <s<t<_

Proof of (Hi). The proof of (hi) is analogous to the proof of (ii).

(iv) follows from (hi) by dividing both sides of (hi) by S(Q) and then letting
Q->Qo£dD along the normal to dD at Q0 .

Corollary 1.4. The following is true:

(i) |VÔC7(F, t;Q,s)\< C^^^-fl^-" ,

(ii) |Vt>C7(F, t-Q,s)\< C{t _^.)+2/2g-g|/>-c|,/(f-,),

(in) \VQVPG(P, t;Q,s)\< C    _/)„+2/2^c|f-g|2/(^),

for all 0 < s < t < T (for any fixed T > 0), P, Q £ D, and C is a constant
depending only on T > 0.

Proof. Case 1.  S(Q) < (t - 5)1/2 .
Apply Schauder interior estimate to the function G(P, t, -, • ) in the cylin-

der Q'R = B(Q, R) x (5, 5 + R2) with R = S(Q)/2. We get Mi = 1,...,« ,

f§(p'i;e^ ^<C     sup     C7(F,i;Q',5')

<C     sup     iWiÖl.-^-ß'l2/^')

Now for any (Q, 5') € Q'R ,

s < 5' <s + R2

^t-s>t-s'>t-s-R2

(o(Q)\2 f(t-s)xl2s

> l(t-s)

4

Let Q* be a point on dD such that \Q - Q*\ = ¿(Q). Then

W)<IQ'-Q1<IQ'-QI + IQ-Q*I

<5*(ß) + *(ß) = ̂P.
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Also we have either

(a) (t-s)x'2<,1/2. 1^-01
2

or

(b) (t - s)m > ll^QÏ

If (a) holds, then

|F-Q'|   :|P-ß|-|ß-ß'|>|j>-ß|-Ä

{!f)>\P-Q\
\P-Q\ _ 3|F-ß

w-a-^nr-a-iL^l

¿\r-Q\-   4

So
e-c\P-Q'\2/(t-s') < e-c'\P-Q\2/(t-s) _

If (b) holds, then

\p _ ß|2/(i - S) < 4 ^ ^I'-ClVC-*) > g-AC1 > ^-c'|7--Q'|2/(/-^)

since e-^-ö'l /(<-*) < l . In both cases we have

e-c'\P-Q'\2/(t-s') < c^-c'|P-ôl2/('-i).

Combining the above inequalities we have

SUP       iiWöl.-^-ß'l2/^') < CiíWQle-c|7>-Q|V(í-,)
(ffîôi('-^r2/2 -C(í_s)n+2/2^

Hence

öß/
(P    tO   S)      m)  < C 0{P)m) c-cV-OPHi-*

* \VQG(P, t;Q,s)\< C{t ^l^e-V-®1"'-*

Case 2. ô(Q) > (t - s)1/2. The proof is the same as in Case 1 except that we

apply the Schauder interior estimate to G(P, t; • , •) in Q'R = 73(ß, R) x

(s, s + R2) with R = (t - s)xl2/2, and use (ii) of Lemma 1.3 to control

G(P,t;Q',S'), (Q',s')£Q'R.
The proof of (ii) and (hi) is similar to the proof of (i). We omit the details.

2. The heat equation in a cylinder

2.1. The initial Dirichlet problem. In this subsection we will follow the ar-

gument in [DK2] to prove that all strong solutions u(x, t) are in one-to-one

correspondence with suitable pairs of measures p on D and X on dD. We

will also show that any strong solution u has an explicit representation given

by

u(x,t)= [     G(x,t;Q,0)dp(Q)+ f       ^r(x,t;Q,0)dX(Q)
JQED JQedD a"Q
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where d/dNg is the derivative in the direction of the inward normal Nq at

Q£dD.
We will start with some definitions and results of [DK2]. We say that u is a

strong solution of the initial Dirichlet problem (IDP) for the equation Au = dtu

in D x (0, oo ) if u is a continuous, nonnegative function in 73 x (0, oo), « = 0

on dD x (0, oo) and for all smooth functions n on D x (0, oo) which vanish

on dD x [xx ,x2], xx > 0, we have

//.
uAn + u—\ dxdt

DX[T,,T2]I at

= / u(x, x2)n(x, x2)dx - I u(x, xx)n(x, xx)dx.
Jd Jd

Lemma 2.1.1 [DK2, Lemma 2]. Let ux, u2 be strong solutions of the (IDP) in

D x (0, oo). Let n > 0, n £ C0X(D), and let T < oo, {t;} \ 0, t0 = T.

Then there exist nonnegative measures {X¡} on D with JD dX¡ < / ndx and

[wx(x,T)-w2(x,T)]n(x)dx= / wx(x, x¡) - w2(x, Xj)dXj(x)
Jd Jd

where w¡(x) = Gu¡(x) = ¡D G(x, y)u¡(y) dy (i.e. the Green's potential of u¡),

i =1,2.

Proof. The proof is contained in the proof of Lemma 2.12 of [DK1].

Let « be a strong solution of the (IDP) and let w = Gu. Then dw/dt =
-u < 0 (see (2.25) of [DK1]) and hence lim,^0 w(x, f) exists for each x £ D .

Lemma 2.1.2 (Pierre's maximum principle). Let ux, u2 be two strong solutions

of the (IDP) in Dx(0, oo). Suppose that u2 £ C(Dx[0, oo)) and that w¡ = Gu¡
verify lim^o î^i (x, t) > limr_0 w2(x, t). Then wx (x, t) > w2(x, t).

Proof. Same as the proof of Lemma 3 of [DK2].

Lemma 2.1.3. Let u be a strong solution of the (IDP) in D x (0, oo) and w =

Gu. Then there exists Xo £ D such that limi_>o w(xo, t) < oo.

Proof. Suppose that limt^ow(x, t) = oo Vx £ D . We claim that this implies

that w(x, t) = oo Vx £ D, t > 0. In order to prove the claim we first note

that Lemma 2.1.2 implies that

w(x,t)> wf(x, t) = Guf   V/ £ C0°°(O)

where Uf is the solution of Auf = dtu¡ in D x (0, oo) with initial data

Uf(x, 0) = f(x), Vx £ D and boundary data w/}oOx(0,oo) = 0.

=> w(x, t) > Wxf(x, t) = GuXf = G(Xuf)

= XGuf   VA>0, /eC0°°.

Now fix an f £ C^ , f>0, and f(x) > 0 for some x £ D. Then

uf(x ,t)>0   Vx £ D,  t > 0

by the Harnack inequality. So Guf(x, t) > 0 and thus

w(x, t) > XGuf(x, t) —► oo   as X —► oo.
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On the other hand Vx £ D, t>0,

w(x,t)= / G(x, y)u(y, t)dy< \\G(x, • )llz.>(/>)ll«(•, OIU-(O) < oo.
Jd

Contradiction arises. Therefore there must exist an x0 £ D such that

hmiü(xo, /) < oo.
r—o

Lemma 2.1.4. Let u be a strong solution of the (IDP) in D x (0, oo). Then

sup / u(x, t)ô(x)dx < oo   and    / h(x)dx < oo
r>o Jd Jd

where h(x) = limi_0 w(x, t).

Proof. The proof follows the argument used in the proof of Lemma 6 in [DK2].

Theorem 2.1.5. Let u be a strong solution of the (IDP). Then there is a positive

Borel measure p on D with JDS(x)dp(x) < oo and a positive Borel measure

X on dD with JdD dX < oo such that whenever n e C°°(Rn), n\dD = 0, we
have

lim / u(x, t)n(x) dx = / ndp+ /    wrfdX
<^°Jd Jd JdDvW

where d/dN is the derivative in the direction of the inward normal N.

Proof. Let h(x) = lim,_0 ii;(x, f) ■ By Lemma 6.1.4, JDh(x)dx < oo . Hence
h is superharmonic in D and we can use the same argument as in the proof of

Theorem 7 in [DK2] to finish the proof of Theorem 2.1.5.

Theorem 2.1.6 (Uniqueness). Suppose ux and u2 are two strong solutions of
the (IDP) and that

lim / ux(x, t)n(x)dx= lim / u2(x, t)n(x)dx
'->° Jd ,_>0 Jd

Vn£C°°(Rn),  n\dD = 0.

Then ux =u2.

Proof. The same as the proof of Theorem 8 of [DK2].

We need one more lemma whose proof is not hard.

Lemma 2.1.7. Let G(x, t; Q, s) be the Green kernel for the heat equation and

n£C°°(R"), n\dD = 0. Then

l G(x, t; Q, 0)n(x)dx< CS(Q) < oo   VQ£D, 0<t<l,
x€D

for some constant C independent of Q £ D and 0 < t < 1 where S(Q) =
dist(Q,dF>).

Theorem 2.1.8 (Existence). Given a pair of measures p on D and X on dD

with p > 0, X > 0, JDS(x)dp(x) < oo, JdD dX < oo, there is a unique strong

solution u of the (IDP) such that for n £ C°°(Rn), n\dD = 0, we have

Urn     u(x, t)n(x)dx = / ndp+ I    — dX
'-"Q Jd Jd Jôd °^
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where d/dN is the derivative in the direction of the inward normal N. In fact

u(x, t) is given explicitly by

u(x,t)= f     G(x,t;Q,0)dp(Q)+ [       ||-(x, t; Q, O)dX(Q)
jQeD JQedD ÓJyQ

where G(x, t; Q, s) is the Green kernel for the heat equation.

Proof. Let

ux(x,t)=  /      G(x, t;Q,0)dp(Q),
Jqzd

u2(x, t) =
Jc

j^(x,t;Q,0)dX(Q).
iQedD ai^Q

By the uniqueness theorem, it suffices to show that both ux and u2 are strong

solutions of (IDP) and that ux+u2 has initial trace p on D and X on dD.

Clearly both ux and u2 are continuous, nonnegative functions on D x (0, oo).

Since

I /     G(x, t ; Q, 0) dp(Q) < C [ ^e^-^2" d/l{Q)
¡JQeD JD l       '

1SmJDS(Q)dp(Q)<

and

/JdD

I dG

\dNa
(x,t;Q,0) dX(Q)<   (   -£-e-c\x~Q\2/'dX(Q)

JdD l

we have V^ e C°°(Dx (0, oo)), y/\dDx[rx,T2] = 0, xx > 0,

//J JDx[xx

Jd J Jd

-I (IL
Jd \J Jdx[tx ,

d¥
uxAip + ux-—

dt
dxdt

x[ti,t2]

G(x,t;Q,0) Ay/ +
dtp

IT dxdtdp(Q)

Î2]

AxG(x,t;Q,0)ip(x,t)

dG
dt

(x,t;Q,0)y/(x,t) dxdt) dp(Q)

+ [      [ G(x,t;Q,0)ip(x,t)dx
Jq&d Jd

= / Ui(x,x2)\p(x,x2)dx - I ux(x,
Jd Jd

dp(Q)

xx)y/(x, xx)dx
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and

//J JDx[xx,

= 1 II
JdD J JD

-I II
JdD J JDxU

u2Aip + u2
dip

Iff dxdt

X[T| ,T2]

,T2]

dG

dNQ
x,t;Q,0)

dip
dxdtdX(Q)

dNQ
AxG(x, t;Q,0)>p(x,t)

d

dN<
dtG(x,t;Q,0)>p(x,t) dxdtdX(Q)

[x,t;Q, 0)ip(x, t)dx dX(Q)+I I
JdD Jd

= / u2(x, x2)\p(x, x2)dx - j u2(x, xx)ip(x, xx)dx.
Jd Jd

dG

dNQ

It remains to show that

(i)       lim       ui(x,t)=       lim       u2(x,t) = 0   MQ0£dD, tx>0,
(x,l)^(Q0,tx) {x,t)^(Q0,tx)

and (ii):  ux has trace p on D, 0 on dD, and u2 has trace 0 on D, X on
dD.

Proof of (i).

ux(x,t)=  [     G(x,t;Q,0)dp(Q)
JQ€D

-L
By Lemma 1.3,

G(x,t;Q,0)<cT

G(x,t;Q,0)

QtD W)

ô(x)ô(Q)
tn+2/2

S(Q)dp(Q).

e-c\x-Q\ It    for 0 < í < F

for any T > 0.  The Lebesgue dominated convergence theorem then implies

that «i(x, /) -> 0 as (x, t) -» (Q0, tx), Q0£dD, tx>0. That is,

lim       ux(x, t) = 0 VQo£dD,  tx >0.
(Jc,0-(oo,ii)

Similarly u2(x, i)-»0 as (x, /) -» (Q0, tx), VQ0 £ dD, tx > 0. Hence ux
and u2 are both strong solutions of the (IDP).

Proof of (ii). By Fubini's theorem for any n £ C°°(R"), n\aD = 0,

[     ux(x, t)n(x)dx= [     G(x,t;Q,0)dp(Q)n(x)dx
Jx€D JxeD JQeD

=  /      ( [     G(x,t;Q,0)r](x)dx)dp(Q)
JQ^D \JxeD /

—>   /      ndp   by Lemma 1.7.
Joed
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Also

[ u2(x,t)n(x)dx=  [        [     ^-(x,t;Q,0)n(x)dxdX(Q)
Jd JQEdDJxEDÖISQ

=  1       l£r(f     G(x,t;Q,0)n(x)dx)dX(Q)
jQEdD OiVß   \Jx€D J

-  /       £L(Q)dX(Q)   ast^O.
jQedD oiVß

2.2. A priori estimate. For any point S £ dD, there exists a local C°° space

coordinate system <ps : R" —> R at S, i.e., there exists r0 > 0 such that

DnB(S, r0) = {Q = (Q', Qn) : Q' £ R"-x, Qn£R, Qn>fa(Q')}
nB(S,r0),

dDnB(S,ro) = {Q = (Q',Q„):Q'£R"-x, Qn£R, Qn = fa(Q')}
nB(S,r0)

and with the {Q„ = 0} plane being tangential to dD at S and the origin of

the local space coordinate system is at S, i.e., S = (0, 0) in the local space

coordinate at S.

Since dD £ C°°, dD satisfies the interior cone condition at 5 = (0, 0),

i.e., there exists M > 0, a > 0, such that

T(S) = {Q = (Q, Q„) : \Q'\ <MQn,  0 < Qn < a} c D

where (Q1, Qn) is the local space coordinate of Q with respect to the coordi-

nate system (S, fa).
We define the nontangential approach to (S, 0) £ dD x {0} in D x (0, oo)

to be the space time cone

rp(S) = {(Q, 0 = (Q! ,Qn,t)£Rn-xxR+xR+:

\Q'\<MQn,  Qn = ßt3/2<a}

where (Q, Q„) is the local space coordinate of Q with respect to the coordi-

nate system (5, fa).
Note that we can choose M and a such that they are independent of (bs

and S £ dD but depend only on dD and ro .

Lemma 2.2.1.  Va > 0, a > 0, there exists Ca = C(a, a) > 0 such that

e-a\x-z\2/t < Cae-a\x\2/(2t)     VX £ P" ,   t>0,   \z\ < aVt.

Lemma 2.2.2. Fix an S £ dD and let <f> = fa : R"~x -> R be the C°° local
coordinate system associated with S as described at the beginning of this section,

i.e. there exists ro > 0 such that

DnB(S, r0) = {Q = (Q', Q„) : Q! £ R"~x ,QneR,Qn> fa(Q')}
nB(S,r0),

dDHB(S, r0) = {Q = (ß\ Qn) : Q' £ Rn~x ,Q„£R,Q„ = fa(Q')}

nB(S,r0).
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Let v be a positive Borel measure on D with ¡DS(x)di/(x) < oo and supp^ c

B(S, r0). If u(x,t) = JDG(x,t;Q, 0)dv(Q), then

u(x,t)<CM(ô(Q)dv(Q))(Qo)   M(x,t)£Yß(Qo),  Q0 £ B(S, r0) n dD,

where C is independent of Qo £ B(S, r0) n dD and v .

M(f)(Qo) = sup * if f(Q) dQ,
/»o |t3(Q0, p)\ JJ      \q'-q'0\<p

Q=(Q',Qn), Q'eR"-'

M(3(Q)du(Q))(Qo) = sup * if S(Q)dv(Q)
p>0\B (QQ, P)\JJ        \Q'-Q'0\<p

Q=(Q',Qn), Q'ERn-'

where Q0 = (Q0, (b(Q'0)) £ dD n B(S, r0), Q = (Q, Qn) is the local space
coordinate of Q with respect to the local coordinate system (S, fa) at S as
described at the beginning of this section, and B'(Q'0, p) = {Q1 e R"~x : \Q' -

Q'o\<p}-

Proof. By Lemma 1.3,

So for any (x, /) 6 Yß(Q0), Q0 £ B(S, r0) n dD,

u(x,t)=  [     G(x,t;Q,0)dv(Q)
Jqed

sef-ii/L^MI'"i(8>*ffi)

^C'—^rjîH    e-c'lQ°-Ql2/'ô(Q)du(Q)   by Lemma 2.2.1
t"   '   JJqed

< ^'t^ïTïÎ // e-c'M-Q'?"ô(Q)dHQ)

QED

+ T   if e-^Qo-Q'\2l^(Q)dv(Q)\
k=0  JJ2ktll2<\Q'-Q,0\<2M,"2 i

Qed

<C[l + J2(2k+Xr-Xe-C'22k) M(S(Q) du(Q))(Q0)

\      k=o /

<CM(ô(Q)dv(Q))(Qo).

Theorem 2.2.3. Let u2(x, t) = JdDdG/dNQ(x, t;Q, O)dX(Q) where X is a

positive Borel measure on dD with JdD dX < oo. Then u2(x, t) < CM(dX)(Qo)

for all (x,t)£ Tß(Qo), Q0£dD, where

M(dX)(Qo) = sur>-^Y i dX(Q),        Q0£dD.
p>0 P"      J\Q-Q0\<p

Q€dD
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Proof. By Lemma 1.3,

So

S C7^Ï72 /      «•-"'-ei'" dUQ)   for (x, í) 6 r„(eo)
' JQedD

<C'M(dX)(Qo)   V(x,t)£Yß(Qo),  Q0£dD.

2.3. A Fatou theorem for the comer points of a cylinder. In this subsection

we will prove the convergence a.e. on dD x {0} of the strong solution u(x, t)

of the heat equation in a cylinder as (x, t) —* (Q0, 0) £ dD x {0} along the

space time cone T^(Qo) as defined in subsection 2.2 by assuming the everywhere

convergence of the solution ïï of the heat equation at the corner points dDx{0}

with initial trace (dp, dX) = (0, da) (where da is the surface measure on dD)

along these nontangential paths. We will use the same notation as in subsection

2.2 throughout this subsection.

Lemma 2.3.1. With the same notation as Lemma 2.2.2, there exists C > 0 such

that

\{Qo ndDn B(S ,r0):X< M(S(Q) du(Q))(Q0)}\ < y / S(Q) dv(Q).
A JB(S,rQ)nD

Proof. See [S, Chapter 1].

Theorem 2.3.2. Let ux = JDG(x, t;Q, O)dp(Q) with p being a positive Borel
measure on D with JD â(Q) dp(Q) < oo . Then

lim      ux(x,t) = 0   a.e. Q0£dD.
(*,0er>(Go)

i^O

Proof. Note that in order to prove the theorem, it suffices to show that

lim       ux(x,t) = 0   a.e. Q0£dDf)B(S,r0)
(x, oer>«2o)

Í-.0

for any S £ dD and ro is as described at the beginning of this subsection.

Hence without loss of generality, we fix an S £ dD and assume from now

on that Qo £ dD n B(S, r0). Write

Fr = 73(S,r0)n{Qe73:c5(Q)<r}.

Then for all (x, t) £Yß(Qo),

ui(x,t)=   í      G(x,t;Q,0)dp(Q)+ Í G(x, t; Q, O)dp(Q)
JEcrnD Je,

<C[ S-^ße-^-^'dp(Q)
jQEEínD      '       '

+ CM(ô(Q)XErdp(Q))(Qo)

= h+h
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by Lemma 1.3 and Lemma 2.2.2 where Xa is the characteristic function of the

set A.
By the Lebesgue dominated convergence theorem, Ix vanishes as (x, t)  (e

r>(Qo)) -» (Qo, 0). Hence for any X > 0,

¡Qo£dDnB(S,ro):X<      lim      ux(x, t)\

i^0

< |{Qo £ 973 n B(S, r0):X< CM(S(Q)Xe, dp(Q))(Q0)}\

C
<

<

X

c
LQ€B(S,r0)nD

!
jQeB{S,r0)nD

S(Q)<r

S(Q)XErdp(Q)

S(Q)dp(Q)^0   asr^O

since Jß(5iro)nD^(ß)^(ß) < ¡D°(Q)dp(Q) < oo. Hence

Q0£dDnB(S,r0):X<       hm      ux(x, t)\
(x,t)erß{Q0) J

i-*0

= 0   VA>0.

Therefore

hm      ux(x,t) = 0   a.e.Qo£dD.
(x,t)&rf(Qo)

i^O

Lemma 2.3.3. Let X be a positive Borel measure on dD with jdD dX < oo and

let

u2(x,t)= [   -^(x,t;Q,0)dX(Q).
JdlIdD dNn

Then for almost every Qo £ dD we have

hm
(x,l)ETp(Q0)

r—0

M2(X, t) f(Qo) f
JdD

dG

dNn
[x,t;Q,0)da(Q) = 0

where da is the surface measure on dD and f = dX/da is the Radon-Nikodym

derivative of dX with respect to do. (Note that JdDfda < JdD dX < oo and

/>0 a.e. [da].)

Proof. Write dX = f do + dvs where dus _L da . We will assume from now on

that (x, t) £ Yß(Qo) in the proof. Now since dvs _L da ,

lim-^ / \dus\(Q) = 0   a.e.Q0£dD.
r^O r"       J\Q-Q0\<r

Q<EdD

Also a.e. Qo £ dD are Lebesgue points of /. Let Qo £ dD be a Lebesgue

point of / satisfying

lim -¿y / \dvs\(Q) = 0   and   0 < f(Q0) < oo.
»■-O r"       J\Q-Q0\<r

QedD
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Then Ve > 0, 33 > O such that

-¿r/ \dus\(Q)<e
r        J\Q-Qn\<riß-ßoi^

QEdD

and

i/ |/(ß)-/(öo)|^(ß)<c   VO<r<¿.

QEdD

Choose ko £ Z+ , reo = MO , such that 2^tx>2 < S < 2^+xtx'2. Then

u2(x, t) - f(Qo) í   ^r(x,t-Q,0)do(Q)
JdD °Nq

< \ ^r(x,t;Q,0)(\f(Q)-f(Qo)\da(Q) + \dvs\(Q))
J\Q-Qo\<ti/2 d*Q'\Q-Qo\<

QEdD

fco

+

k

£ / ^(x,r,Q,0)
^0 ■/2*/'/2<|<2-í2ol<2*+1/1/2 dNQ

QEdD

•(\f(Q)-f(Qo)\da(Q) + \dus\(Q))

+ í ^r(x,t;Q,0)((f(Q)-f(Qo))do(Q) + dvs(Q)).
J\Q-Qo\>S °Nq

QEdD

Since |x - Q| = |x - Qo + Qo - Q\ and (x, t) £ Yß(Q0) =» S(x) < |x - Q0| <
Ct3/2 < C\ft, by Lemma 2.2.1 and Lemma 1.3 the last term above is dominated
by

Clnk% Í e-^-®2"(dX(Q) + 1/(00)1 da(Q))
(     '   J\Q-Qo\>â

QEdD

<      C [ e-^-Q\2/'(dX(Q) + \f(Q0)\da(Q))
t"-l/2 J\Q-Qo\>S

QEdD

-  tn-l/2
c'Sl"\f   dX(Q) + \f(Qo)\da(Q)

¡JdD
0   asr-»0.
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While the first two terms are dominated by

C737T * làm / e-^-^'(\f(Q) - f(Qo)\ da(Q) + \dus\(Q))
1 l J\Q-Qo\<t"2

QEdD

s(x) *  (2^xr-x    r lx_Ql>/t

,3/2     ¿j (2*+l,»/2)»-l     J2ktm<lQ_Qol<2k+^
QEdD

■(\f(Q)-f(Qo)\da(Q) + \dus\(Q))

I (\f(Q)-f(Qo)\da(Q) + \dus\(Q))
Jin-Q0\<il>2

QEdD

<
tn-\/2   ,

•'ie-öoi<i'

■   csr^     (2k+X)n j e-c\x-Q\2/t

£(2*1*1/2)-.   4_ßo|^+li,/2
QEdD

•(\f(Q)-f(Qo)\da(Q) + \dus\(Q))

Kcil+f^^^^e-^) -e<Ce.
\       k=0

Therefore

lim
(x,t)Erß(Q0)

f—0

u2(x, t) - f(Qo) [   ^r(x,t;Q,0)da(Q)
JdD °Nq

<C's
IdD

0

for all e > 0.

r        FtCr I
= 0lim

(x,t)ETß(Q0)
t->0

u2(x, t) - f(Qo) [   ^-(x,t;Q,0)da(Q)
JdD dNQ

and the proof is completed.

Theorem 2.3.4. Let w(x, t) = JdDdG/dNQ(x, t;Q, O)da(Q) with da as the
surface measure on dD and Yß(Q0) as in subsection 2.2. Then

lim       ïï(x, t) = -£==   VQo £ dD.
{x,t)ETp(Qa) y/4n

i—0

Proof. Same as the proof of Theorem 2.4.1 of subsection 2.4.

Theorem 2.3.5. Let u(x, f) be a strong solution of the (IDP) in D x (0, oo)

with initial trace p on D and X on dD. (See Theorem 2.1.8 for its existence.)

Then

lim      u(x, t) = -j= • -¡-(Qo)   a.e. Qo £ dD
(*.0er,(Gb) v^tt   da"

t->0

where dX/da is the Radon-Nikodym derivative of dX with respect to the surface

measure da on dD and Yß(Q0) is as defined in subsection 2.2.
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Proof. By Theorems 2.1.5, 2.1.6, 2.1.8, u(x, t) = ux(x, t) + u2(x, t) where

«i(jc,i)=  /     G(x,t;Q,0)dp(Q),
Joediqed

u2(x,t)=  f       £§-(*
Jot

By Theorem 2.3.2,

I QEdD 9Nq

hm      ux(x,t) = 0   a.e.Q0£dD.
(x,t)Erß{Q0)

í—0

By Theorem 2.3.3 and Theorem 2.3.4,
n ji

lim       u2(x, i) = -g= • -¡-(Qo)   a.e. Q0£dD.
(*,Oei>«2o) y/4n   da

i—o

Therefore

lim      u(x, t) —       lim      ux(x, t) +      Hm      u2(x, t)
(x,t)erß(Qo) (x,t)ETß(Qa) (x,t)Erß(Q0)

t—0 í-»0 r->0

'   d\a¡>

for a.e. Q0£dD.

2.4. A Fatou theorem for the solution with initial trace (0, da). We will start

this section with a definition. We let

Tß(Qo) = {(Q, 5) = (Q ,Qn,s)£ R"~x x R+ x R- : \Q'\ < MQn ,

Qn = ß(s)V2 < a}

where Qo £ dD and Q = (Q', Qn) is the local space coordinate of Q e D

with respect to the coordinate system <p = 4>q0 at Qo as defined in subsection

2.2, a is the constant defined in the beginning of subsection 2.2, and M is

the Lipschitz constant for dD. The main result of this section is the following

theorem.

Theorem 2.4.1. Let v(Q,s) = JdDdG/dNx(x,0;Q,s) da(x), s < 0, with da
being the surface measure on dD. Then

lim       v(Q,s) = -jL   VQoGdD.
(e.i)er>(Qo) v47T

5^0

Before proving the theorem we would like to assume without loss of generality

that Qo = 0 and tf> is the local coordinate system at Q0 = 0 with V</>(0) = 0,
<p£CZ°(R"-x).

We first note that if D' is the image of D under the transformation (x', x„ )

-» (x1, x'n) with x'n = xn - 4>(x'), x = (x', x„) £ D being the local coordinate

of x with respect to (0,0), and if u((x', x'„), t) = u((x', x'n + (p(x')), t),

(x', x'„) £D', then

Au - dtu = 0   in D x (-oo, oo)

& div(û,-,-(x')Vû) - dtu - 0   in D' x (-oo, oo)
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where a¡j(x') = ôu, aXj(x') = ajX = -dcj)/dxj, i, ; = 1,... , n - 1, ann =

1 + \Vxi(f>(x')\2. It is not hard to see that A(x') = (a,,) is a uniformly elliptic

matrix with the eigenvalues bounded above and below by positive constants

independent of x', V(x', x„) £ D', and depends on dD only.

If G(x, t ; y, t) = G((x', x„), t ; (y', y„), t) is the Green's function for the

heat equation A - dt = 0 in D x (-co, oo), then

G((x',x'n),t; (y1, y'n), x) = G((x', x'„ + <t>(x')),t;(y',y'„ + 4>(y')), x)

is the Green's function for div(a/;V) - dt = 0 in D' x (-co, oo).

Idea of proof of Theorem 2.4.1. We first note that

/       7rW(x,0;y,x)do(x)= ( /      +/      )§—(x,0;y,x)da(x).
JxEdD ^^x \JxEdD      JxEdD/OMx

\x'\>e        \x'\<£

The first term vanishes as (y, x) (e Yß(0)) ->0 by the Lebesgue dominated

convergence theorem since its integrand

^ e*p(-c!^12
|T|«+2/2       * y |T

- ^ \~\n+2i2 exP ' ~C—\~Z\     )    by Lemma 1.3

* j^ï72exp(-C'^|)    f«(y,t)€r#(0), |y|<|,

^0   asT^O.

While the second term

=  /       -^(x,0;y,x)do(x)
JxEdD dl\x

\x'\<e

=   /       VxG(x,0;y,x)-(-Vx,<p(x'),\)dx1
JxEdD

\x'\<e

= -(       Vx,G(x,0;y,x)-Vxl<t>(x')dx'+ [       |^(x, 0; y, x)dx'.
JxEdD JxEdD OX„

\x'\<e \x'\<e

The term

\x'\<e

[       VX>G-Vx.(pdx'
JxEdD

<C sup{|V2,0(x')||x'|}. / *M   „pf-C^^) dx'
|x'|<£ JxEdD \X\"+¿I¿ V lTl       /

\X'\<E

< C sup |V2,0(x')| ■ s ■ f       r-1yJ exp f-C'--2 ) ¿x'
u'i<£ J\x'\<i \A    '       \      \A )'\<e J\x'\<_

<C'e.
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Therefore it remains to consider

/       7^ (x,0;y,x)dx'= /       —(x,0;y,x)dx'
JxEdD OXn JxEdD CX„

\x'\<e \x'\<e

and show that it converges to ß/\f4n as (y, x)   (£ T^(0)) -> 0. To show this

we note that tr(x, t; y, s) = Gy(x, t; y, s) + E(x, t; y, s) where

E(x,t;y,s)=      dX      Gn(x, t; n, X)<J>(n, X; y, s)dn.
Js        Jd'

(See Lemma 2.4.6 below.)  Gy(x, t ; z, s) is the Green's function for

from which dG/dxn = dGy/dxn + dE/dxn . Since x £ dD', \x'\ < e < r0 =>
x'„ = 0,  u?c|öD'n{|>;|<e} = dx' . If

/       \VxE\do(x)-+0   as(y,x)(£Yß(0))^0,
JxEdDIxEdD

\x'\<e

then

lim      /        ^-dx' =      hm        /        I^Lrfjc'.
(y,r)Erß(0) JxEdD' dx„ (y,r)Erß{0) JxEdD' dx„

T-»0 |x'|<t t-»0 \x'\<e

On the other hand, layer potential method implies that the function

^wy(x,0;y, T) = ^aí7(y)«,(x)-^(x, 0;y,x)

satisfies

wy(x,0;y, x) = 2^2aij(y)ni(x)-^-(x, 0;y,x)

-2      dX Hy(x,0; n, X)Wy(n, X; y, x)da(n)
Jt JnEdD'InEdD'

where Zy(x, t; n, x) is the fundamental solution for Lyu = 0 and

Hy(x, t;n,X)= y£jaij(y)ni(x)j^-(x, t;n,X),

(«,(x))f=1 = Nx = unit inward normal at x £ dD'

= (0, ... ,0, 1)    if |x| <e,  X£dD'.

So

J2 a,j(y)n,(x)j^(x, 0 ; y, t) = Ç a„ ,(y)-^(x, 0 ; y, x)
3 j !

Edtft    ,    dGy     dG
~dy'j'"dx~ + 'dxn

l<7<n-l '] !

y



SOLUTION OF THE HEAT EQUATION 627

Therefore

d(t> t.J^Gy ,

\x'\<e   -J~     '

< C sup |V</>(x')| • /       t-t^ttt exp f-C|x, ,y| 1 ¿x' < C'i

as before. Hence

f       dG f        dG f        dG   , ,
/      ÄÄTí/íT(x) ~ /     ,d~x~dx= few }JV dx

JxEdD öivx JxEdD' axn J\x'\<e        "
\x'\<£

»t      7TTdx'+i      7TTdx'
J\x'\<e oxn J\x'\<£ 0Xn

~/       -ñ7Tdx'~ Yaij(y)ni(x)1-t(x,0;y,x)dx'
J\x'\<e axn J\x'\<c öxi

P o *7

= 2 /       Sfl'7Ü')"/W-^r(Jc. 0;y, T)íix'
J\x'\<e axj

-2 dX Hy(x,0;n,X)wy(n,X;y,x)da(n)dx'
J\x'\<e   Jx JnEdD'<\x'\<e   Jx JriEdD'

ß~* V4¿

if the first term above —> ß/\[4n and the second term above —> 0 as (y, x)

(eryo))->o.
By the above discussion, we see that m order to prove Theorem 2.4.1, it is

natural to first investigate properties of G. We would let Gy(x, t ; n, t) be the

Green's function for the equation

Vu = y¡Laü{yjdx.dXM> r) - fy(*' 0 = °  in 9Z)' x (-°°. oo)

and

Zy(x, f,n,X)

1

l7T(i - X))"'2       P 1 4(Í-T) J(detiz^'(y))'/2   (4;

be its fundamental solution throughout this section where (a,;(x)) is as defined

on page 624 and (a'J) = (a¡j)~x . We will also assume without loss of generality

that dD' is smooth throughout this section. Since the adjoint equation for V

is
tv'       \~^     / \   d2v x     dv .       .     _
^^E^)/3^-(^r) + -(z,r) = 0,

maximum principle holds for solutions of Ly and Z/* . Therefore Lemma 1.3

and Lemma 1.4 remains valid for Gy . For the sake of completeness, we state

them here again.
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Lemma 2.4.2. For -T < x < t < T, T > 0, we have

(i)
C /   Jx-z'2

——^ exp   -C-
(t-x)"/2        V t-*

(Ü)

S(z) (   Jx-z'2
tt _ T)«+l/2 eXP ^    C     i_T

(iü)

ô{x)â{z) c™( r'*-z'2
(t _ T)*+2/2 eXP ^    C     ?_T

(iv)

G>(x,¿;z,t)< „    _w?exp(-C' t    J   ) ,        x,zeF>',

Gy(s,f; z,t)<C„    .„^„exp   -C1 #    J   ),       x,z£D',

Gy(x,t;z,x)< Cfu^'_SJn exp ( ~C^^ 1 ,        x,zeZ)',

^(x,/;z,r; ^..^â^expi-d-
(r _ T)n+2/2 —   V Í - T

x£dD',  z£D',

where d/dNx is the derivative in the direction of the normal to dD' at the point

x £ dD', ô(x) = dist(x, dD'), and C is a constant independent of x, z, t, x.

Corollary 2.4.3. The following is true:

(i) \VzGy(x, t;z,x)\< C(,_¿ffi2/2exp (-C^f) ,

(ii) \VxGy(x, t; z, x)\ < C(¿_¿ff+2/2exp (-C^¿)

for all -T <x < t <T (for any fixed T > 0), x, z £ D', and C is a constant

independent of y and depending only on T > 0.

The following lemma comes from [LSU, Theorem 16.3].

Lemma 2.4.4. The Green's function Gy(x, t; z, t) for

V = ¿2 au(y)d2,Xj -dt = 0   in D' x (-co, oo)

satisfies the following inequalities:

(i) \d¡dxGy(x, f,z,x)\< —_^_-exp (-C]X

(ii)

(, _ r)n+2r+s/2 ~~* ^ t_r

\drtdsxGy(x,t;z,x)- drt,dsxGy(x,t';z,x)\

< C(t - r")3/2-r-*/2(i/ _ T)-(«+3)/2 gxp Ht£)
w/We 2r + 5 = 1,2 anti x < t' < t, and

\d{dsxGy(x,t;z,x)- d[djGy(x, t;z,x)

(iii) scJii5LeXp(-cK'-'2
(, - T)n+3/2 ~* y    -      ,_T

where 2r + s = 2 and x is that one of the points x, x' which is closest to y,

C is a positive constant independent of y.

The following lemma comes from [F, Chapter 1, Lemma 3].
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Lemma 2.4.5. If -co < a < n/2 + 1, -co < ß < n/2 + 1, then

jT/,<'-i>M-öK'>M-%^)''<1

w/zere* P(a, è) = r(a)r(è)/r(a + è), T ¿s í/ze gamma function.

Lemma 2.4.6. //" C7(x , t ; y, x) is the Green's function for Lu = diy(a¡j(x')Vu)—

dtu = 0 in D' x (-co, oo), (x', x'„) £ D'. Then the following integral identity
holds:

G(x, t; y, x) = Gy(x, t; y, x) + E(x,t;y,x),

E(x,t;y,x)=       dX      G„(x, t; n, X)<S>(n, X;y, x)dn
Jz       Jd1

with í> being determined from the integral identity

<D(x, t;y,x) = LGy(x, t;y,x)

+      dX      LG„(x, t;n, X)<J>(n, X; y, x)dn.
Jx       Jd1

Proof. The proof is exactly the same as the construction of the fundamental

solution of Lu - 0 given in [F, Chapter 1] except that we use Lemma 2.4.4 to

control Gy and replace Theorem 1 of Chapter 1 of [F] by the following lemma.
We omit the details of its proof.

Lemma 2.4.7. Let f(y, x) be a continuous bounded function in D' x (To, Tx).

Then J(x, t,x) = JD,Gy(x, t;y, x)f(y, x)dy is a continuous function in

(x,t,x), x £ D', To < x < t < Tx and limT_( J(x, t, x) = f(x, t).

Corollary 2.4.8. Let Vr be the solution of the adjoint equation

U'vr = Y,aij(y')j^(z, t) + ^(z, t) = 0   in DR x (-2R2, 0)

of U where DR = 73(0, 2P)\73(0, R) with boundary value <j>(z/R, x/R2), 4> £
C°°, 0<(f><l,and

I 4>(z, x) =1   for (z,x)£ dB(0, 2) x (-4, 0] U (73(0, 2)\73(0, 1)) x {0},

\<j>(z,x)=0   for(z,x)£dB(0, l)x(-2,-4).

Then

l|VzVR||i,°°(DÄx(-4R2,0)) < C/R < 00

for some constant C independent of y £ D' and R > 0.

Proof. The lemma follows from the boundary Schauder's estimate.   (See [F,
Theorem 6, p. 65].)

Lemma 2.4.9. With the same notation as in Lemma 2.4.6, then the function

F(x, t; z,x) — LGy(x, t; z, x)

= div(aij(x')VxGy(x, t; z, x)) - dtGy(x ,t;z,x)
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satisfies the adjoint equation V" F = 0 where

F(x,t; z, x)\z€dD, =0
t>x

and

«   l^(x. r; z. t)| < cljJi^l^ + (^tttj} • exp{-c!^£Ü} .

|F(x, t;z,x)\

(ii) í|x-y|¿(z)'-" ¿(z)1-      )    _J   ^|x-z|2)

-     ° l (Í - T)(»+3-«)/2       (/ - T)("+2-«)/2 J  ' 6XP \    C     t-X    J

./or 5ome constants Ca, C > 0, Ca, C both independent of y £ dD', -1 < x <

t<\, x, z£dD', 0 < a < 1 .

Proof. We first note that

U"F(x,t;z, x) = U'LGy(x,t; z,x) = 0

and

Gy(x, t; z, x)\z€dD, =0
t>x

=>dZd°Gy(x,t;z,T)\zedD.=0   Vr,5 = 0, 1,2,
¡>T

=> F(x, í ; z, t) = ¿^^(x, t ; z, x)\zedD> = 0.

Also

\F(x,t;z,x)\

= \LGy(x, t; z, t)

.m d2G ,.ÔGy= E ««^sïA:^' '; 2' *) -V^O^t*, í; z, t)
dXjdXj

YfajW-ttiW))

dxn

d2G

dXidXj
' (x,t;z,x)-Ay,<f>(y')^(x,t;z,x)

dGy

dt

dG
dxn

(x,t;z,x)

^r,   \x~y\ I  ^\x
< C-r-1     ,_,-,,., exp    -C-

+ c

(t - T)"+2/2

1

t-X

exp   -C
x-z

(í-T)"+'/2 'V Í-T

Proof of (ii). The proof of (ii) of Lemma 2.4.9 will be similar to the proof
of (ii) of Lemma 1.4. We first note that since dD' is smooth, dD' satisfies the

exterior sphere condition, i.e. there exists a positive constant h > 0 such that for

each x £dD', V0 < r < A , there exists x0 G D'c such that 73 (x0, r)C\D~i = {x}.

Case 1.  S(z) > h , then

1 < ô(z)X~a  < ö(z)X-° _ (t-X)1-'2  k c       ô(z)X-°
hl-a      -      Ai_a        (i_T)l-a/2 (r-T)'-«/2
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since |;|, |t| < 1. So by (i),

\F(x, t; z, x)\

SC»\(?_T)«+2/2 + (?_T)n+l/2/eXP^    ^    t-X    )(t-x)X-«

<     \\x-y\ô(zr°        ô(zr*    \      (_cVx-zT\
S^a\(t- T)»+3-a/2   + tt _ T)«+2-a/2 / ÇXP ̂     C     t _ T    J  "

Cast? 2. S(z) >(t — x)xl2/4. The proof is similar to the proof of Case 1.

Case 3.  S(z) < h and S(z) < (t - x)x<2/4 < h .

We fix z* 6 dD' with \z - z*| = S(z) and set R = (t - t)'/2/4. Since
<973' satisfies the exterior sphere condition, there exists z0 £ dD'c such that

B(z0, R)nD' = {z*} . We may also assume zz* c D'. Consider the cylinder

Or = Dr x (x, x + (2R)2), DR = B(zo, 2R)\B(zo,R). Then, we have (z, x) £

QR n D'x. (-1, 1). Similar to the proof of Case 3 of Lemma 1.4, for any
(z,x)£QRnWx[-l, 1]

If VrÇz, x) = vR(z - z0,x - (x + 4P2)),  (z, x) £ QR, where vÄ is as in
Corollary 2.4.8, then since

(F(x,t;z,x) = 0,

Ivtí(z,t)>0   V(z,T)€QÄnöF>' x (-00,00)

and

w*-'-r*.n<c{J^+w-^)w(-c^),
vR(z,x)= 1

for all

(z, x) e {dB(z0,2R)x(x,x + (2R)2]

U (B(z0 , 2R)\B(z0, R)) x{x + (2R)2}} f)Dx(-oo,oo),

by the maximum principle applied to the functions F(x, t, • , •) and

^\   \x~y\ *      1     ( Ax-A2\-,

in the region QRC\D x (-00, 00), we have

\F(x, t ; z, t)| < C {{f \X~ny}2/2 + {t _ l)n+ll2 } exp (~C^f ) Ur(z , x)

S      (í-T)!/2 \(¿-T)«+2/2 + (í_T)K+l/2/eXP^ t-X    j

[\x-y\ô(z)x- S(z)1-     ]        (   ck-z[2\

" l (Í - T)«+3-«/2        (t- X)"+2-»/2 j      P\ t-X    )

(since S(z) < (t - x)x>2/4 => (S(z)/(t - x)x'2)a < 4~a).
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Case 4.  ô(z) < h and S(z) < h <4h < (t - x)1'2.
Proof of Case 4 is similar to Case 3. We omit the details.

Lemma 2.4.10. With the same notation as 2.4.6, the function <P(x, t ; y, x) sat-

isfies the inequality

mx,t;y, x)\ < CQ(?_¿(T^!a/2exp(-C^-^) ,        0<a<l,

where Ca is a constant independent of x, y £ D' and t, x, -1 < x < t < 1.

Proof. Since <P satisfies the integral identity,

<D(x, t;y, x) = LGy(x, t;y,x)

+      dX        LGn(x,t;n,X)Q>(n,X;y,x)dn.
Jx JdD'

Therefore <P(x, t;y, x) = Y^=\(LGy)v(x, t;y, x) where (LGy)x(x, t;y, x)

= LGy(x, t; y, x) and

(LGy)„+x(x,t;y,x)=      dX       LG„(x, t;n, X)(LGy)v(n, X; y, x)dn
Jx JdD'

for all v = 1, 2, .... By Lemma 2.4.9,

\LGy(x,t;y,x)\ (=\F(x,t;y,x)\)

f\x-y\ô(yy-° ô(y)x-"     \       (      \x - y\2
-^a\(t- T)»+3-a/2   + ,t _ T)„+2-a/2 / eXP ^    L     t _ T

ïC'tM^^-C*-*'a (t - x)"+2-a¡2    *\ t-x

Also from the proof of Lemma 2.4.9,

\LG„(x, t;n,X)\< C,JX~^Uexp (-C1*
(i_A)"+2/2 —V        t-X

+ C7T-4^e,o(-C^X-^
(t-xy+v2   KV     t-x

/ n< I (   Ax~n^
<C t--r—T7?exp    -C

Therefore

\(LGy)2(x,t;y,x)\<Ca f dX f
Jx       Jd<

I (   r\x-»\2exp   -C
7-/l)«+1/2    HV        t-X

W*      expf-ct^)^
(A - T)"+2-«/2      * V A-T

r ^0^i_     /r|x-y|2^r(i/2
"q(í-t)"+1-«/2    ^ V        t-X  )   r(a+l/2)

by Lemma 2.4.5. And in general

\(LGy)v+x(x, t;y,x)\

r(l/2)T(a/2)       S(y)l-° (   r|x-y|2\

-   a   Y(a + u/2)    (t - x)"+2-"- -I2     P V t-x   )



SOLUTION OF THE HEAT EQUATION 633

for all v = 0, 1, 2, ... .   Therefore J27=o(LGy)v+x(x, t; y, x) is absolutely
convergent and

oo

W* ,t;y,x)\<Y, \(LGy)v+i(x, t ; y, x)\

■tt_r)„+2-a/2™r\ t_x

Lemma 2.4.11. With the same notation as Lemma 2.4.6, then the function

E(x,t;y,x) = G(x,t;y, x) - Gy(x, t;y,x)

=       dX      Gy(x,t;n, X)®(n, X:y,x)drj
Jx Jd'

satisfies the following inequality

\VxE(x, t;y, x)\ < Ca(f _^°a/2 exp (-C^y^) ,        0<a < 1,

where Ca is a constant independent of x, y £ D' and t,x, -1 < x < t < 1.

Proof. By Lemma 2.4.4,

2^

\VxGn(x, t;y,x)\< (?_^+1/2exp ("C^yf )

So

\VxE(x,t;y,x)\< f dX f  \VxGy(x, t ; n, X)\ \^(n, X : y, x)\dn
Jx       Jd1

-c°JTd*L(t "~-"expi-cJ1 (   A*-"?

sjyr-   exJ_c\±zll)
(X - x)"+2-»/2    y V    '  A-T

l-<* / I v _ ,>|2
<g,   *W|7,;exp(-Cl^£)
-      <*(r_T)« + l-a/2       F\^ t-X    J

by Lemma 2.4.5 and Lemma 2.4.10.

Lemma 2.4.12. Wt'fA í7ze 5ame notation as Lemma 2.4.6,

lim        /    \VxE(x,0;y,x)\da(x) = 0.
,r)er,¡(0)  Vao'(^.rier^O)

T—o

Proof. Choose 0 < a < 1/2 in Lemma 2.4.11. Then for (y, x) £ Yß(0),

[    \VxE(x,0;y,x)\da(x)
JdD'

(_T^3(l-a)/2     /• / |y|2\

<C'a)       ^     ., /    exp (-C'^J-    ¿rj(x)

< Ca(-T)('-2a'/2-> 0   asT^O.
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Lemma 2.4.13. The function

dG

dx
>;,(y>,W^(x,í;y,T),        x£dD', y = (y',y'n) £ D',

i.j

where -1 < x < t < 1 and («,(x))"=1 = A* is the inward normal to dD' at x,

satisfies the following integral equation:

Y^aij(y')ni(x)j^(x, t;y,x)
i,j J

= 2Hy(x, t;y,x)-2      dX Hy(x, t; n, X)wy(n, X; y, x)da(n)
Jx JnEdD'

where

wy(n,X;y, x) = ^au(y')ni(r})—?-(n, X; y, r),

Hy(x, t;n,X)= ^2au(y')ni(x)-^-(x, t;n,X),

Zy(x, f,n,X)
(det(aiJ(y))fl2

' (4n(t - X))"/2    P \ 4(t-x) J'

(aiJ(y)) = A-x = (au(y))-x.

Also

¡'SJx   JdD'
\wy(n, X; y, x)\ da(n) < C < oo,     C independent of y £ D'.

Proof. We first observe that Zy(x, t ; n, X) is the fundamental solution of

Lyu = zZa^)^(x,t)-ftu(x,t) = 0.

By the theory of layer potentials [LSU, p. 409] and [PO] the Green's function

C7y(x, t ; z, t) for the equation V = 0 in D' x (-co, oo) is then given by

Gy(x, t; z,x) = Zy(x, t;z, x) - gy(x, t; z,x)

where

gy(x,t; z,x)=      dX       Zy(x,t;rj,X)Wy(n,X;z,x)da(n)
Jx JdD'

for all x € R" , z £ D, x < t, with the density wy being determined from the

integral equation

wy(x, t; z, x) = 2Hy(x, t; z, x)

-2      dX        Hy(x, t; n, X)wy(n, X; z, x)da(n).
Jx JdD'
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Now for x e dD',

Ed g
au(y)ni(x)-^(x, t; z, x) = Hy(x, t; z,x)

X(EU^)-^X OXj

x-x±Nx

= Wy(x ,t;z,x) + ^wy(x ,t;z,x)

Wy(x,t;z,x)=      dX       Hy(x, t;n,X)Wy(n,X; z,x)da(n)
Jx JdD'

Ihn     yV7-(y)H,-(x)-^(x, t; z,x) = Wy(x,t; z, x) --wy(x, t;z,x)
x(ED')^x OXj I
x-x\.Nx

= Hy(x ,t;z,x)- wy(x ,t;z,x).

Therefore Vx € dD',

Y,aijiy)ni(x)j£(x,f,z,x)

= -, Xm}    Ylaij(y)niix)-^-(x, t;z,x)
x(ED )->x *"—' OXj

x-x±Nx

x-x±Nx

= ^aij(y)ni(x)^-(x, t;z, x)-(Hy(x,t; z, x)-wy(x, t; z,x))

= Wy(x, t;z,x).

Also by the result of [LSU, p. 411], /t' dX JdD, \wy(n, X; y, x)\da(n) < C < oo
for some constant C independent of y .

Lemma 2.4.14. Use the same notation as Lemma 2.4.6. For any 0 < 2e < r0

(ro as in the beginning of subsection 2.2),

2 I        Hy(x,0;y,x)do(x)^-tL   as (y, x) £ Y~ß(0) -> (0, 0).
J \x\<e V4n

xEdD'

Proof For x£dD', \x\ < e, (y, x) £ Y~ß(0), \y\ < e,

Yiau(y)ni(x)-^-(x, 0; y, x)

E/«(x«x)(-?5f^)z,(x,0;,,T)

Zy(x,0;y, x)

i,j,k

-(x-y,Nx)

2(-x)

Zy(x,0-y,x).
2(-x)
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2 /       Hy(x, 0; y, x)da(j
J \X\<£

)'

yn - 4>(y')

\x\<
xEdD'

4n(-x)y2   (detalJ(y))l/2(4n(-x))"-V2

/       exp f -
J\X'\<E \

ZaiJ(y)(Xi-yi)(Xj-yj]

<\x'\<

yn - <t>(y') l

4(-T)

-1

dx'

4tt(-t)3/2 \(detaiJ(y)f/2

1 /      pxn (  Eaij(y)(Xi-yi)(xj-yj)
(4;r(-T))->/2./|^|<£    Pl. 4(-t)

yn - 4>(y') i

dx'

dx'

'I*'I

h+h.

4^(-t)3/2     (4ä(-t))»-1/2

/      exp (   ZaiJ(y)(xi-yi)(Xj-yj)
J\x'\<e \ 4(-x)

17,1 <l^+1^)1
1 ' " V4H(-x)y2

(4

<C

(detfl0(y))l/2

1

|X'|<Í

(4

<c

(det(a0(y')))i/2

»F^/I»,s«exp(-C'(^)'iy

1

\x'\<_

x'er"-'

(det(a'J(y')))'/2
0   as (y, 1)6^(0)-(0,0)

since (a'j(y))  ' —► I = identity matrix as y -» 0.

For 72. since |y'| < C(-t)3/2 , we have

yn-<t>(y')_   yn    + o^ = ß + 0{t3/2)^ß  asT^0
;_T)3/2 (_T)3/2        (_T)3/2

and

1

(4ä(-T))»-1/2 ,   „.,_

/es"-'
i ix'Kí     V 4(-t) ;

^L.-1expH3"|2/w=i asT-°-
(4a)'
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Therefore I2 — ß/V4li as (y, x) £ Tß(0) -> (0, 0). So

2/        Hy(x,0;y,x)da(x) = Ix+I2^^=   as (y, t) £ Tß(0) - (0, 0).
J \x\<e V4x

xEdD'

Lemma 2.4.15. With the same notation as Lemma 2.4.13, we have

\x'\<e Yaij(y)ni(x)—^(x, 0;y,x)dx'

=    \x\<e Yaij(y)ni(x)—^(x,0;y,x)da(x)
Jx'EdD' OXJ

as (y, x) £ Yß(0)^ (0-0).
V4n

Proof. By Lemma 2.4.13,

^ai7(y)«,(x)-y-^(x,0;y, x) = 2Hy(x, 0;y,x)
dXj

-2      dX j       Hy(x,0;n,X)Wy(n,X;y,x)da(n).
Jx JnEdD'

Also x'n — 0 for x £ dD', |x| < e, therefore

/        5]a,7(y)«,(x)—-^(x,0;y,T)úÍCT(x)
J \x\<£ ÖXj

x'EdD'

= Yjau(y)ni(x)-—^(x,0;y,x)dx'
J \x\<e °xj

x'EdD'

= f        (-2)fdx\(       +f       }
J \x\<e Jx VJ\n\<2E      J\n\>2e)

x'EdD' nEdD' nEdD'

• 7Yy(x, 0; n, X)wy(n,X;y,x)da(n)dx'

+ 2 [        Hy(x,0;y,x)dx'
J \x\<c

x'EdD'

= JX+J2 + J3.

Now for x, t] £ dD',   |x|, \n\ < 2s, we have x'n = rj'„ = 0 and Nx

(0,...,0, 1). So

Hy(x, 0; n, X) = Y^au(y)ni(x)^(x,0; n, X)

= -{Nx2^-n)Zy(x,0;n,X)

= 0.
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Therefore Jx = 0.   For  |x| < £,   \n\ > 2e, x, n £ dD',  (y, x) £ Yß(0),
-1 < t < X < 0, since

\Hy(x, 0; n,X)\ =
dZv

Y^au(y)ni(x)j^-(x,0; n, X)

-(Nx,x-n)

2(-X)

^C7^ï72exp(-C(^))-

Zy(x,0; n,X)\

2

Therefore l^l is

- CL< Jx" ""id, (=I^eXP(-CR)) \^,l,y,x)\da(n)dx'

,0   as (y,t) (er>(0)) -(0,0).

InEdD'
\n\>2e

C (      er
<Ce"-x sup  ,,,    ,., exp   -Cttt

t<a<o |A|"-'/2    y\      \X\

Also by Lemma 2.4.14, J3 — ß/V4n as (y, t) (g T^O)) — (0,0). Therefore

y2aij(y')ni(x)-^!-(x, 0;y,x)dx' =
\x'\<e öxj

ß

(y,x)ETß(0)J \x'\<
t—o      x'er"-]

Lemma 2.4.16. With the same notation as Lemma 2.4.6 and Lemma 2.4.13, we

have

lim      /
(y,x)ETß(0)J \x'\<e

1—0       x'er"-'

dG

dx
7(x, 0;y, x)dx'

ß

Proof. By Lemma 2.4.6,

x'ER"-1

-—(x,0;y, x)dx'
\x'\<e   axn

rjfl- 1

= / §|(x,0;y,T)¿x'
J \x'\<£    oxn

x'ER"~'

+ / §^(x,0;y,x)dx'
J \x'\<e   axn

x'ER"'1

= h+h.
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By Lemma 2.4.12, I2 - 0 as (y, t)   (g f^O)) -(0,0). Also

639

h~ ß
<\h- !        Y,auty')n¿x)í£?-(x,fj\y,T)dx'

I J \x'\<e axj
x'ER"-1

+ I / ¿2<*ij(y>i(x)^(x, 0;y, x)dx'-
\J   \X'\<£ OXj

ß

x'ER"''

= Ex + E2.

By Lemma 2.4.15, E2 - 0 as (y, t) (G Tß(0)) -(0,0). While

Ex = /•1 =   ¿T

<

/ ¿Zanjiy')^-{x>fj;y,x)dx'
J \x'\<e axj

x'ER"-'

c{   E    \anj(y')\ + \a„n(y')-l\) [ m«

M</'<n

(ni(x))lx = (0,...,0, 1)

x'ER"-'

dGv

dXj
{x,0;y,x) dx'

1<7<«-1

^V) + \Vy<P(y')\2

Sx'<,^[\x'\<e

x'ER"-'

:|»+2/2

+ |Vyr/.(y')|

•'|2

1<7'<«-1 7

^C'{   E   |f^')+iv^(y')l2}
11<7<«-1|0^ J

as (y, t) (g I>(0)) -(0,0) since V^(0) = 0. Hence |7, - ß/V4n\ - 0 as

(y,t)  (Gr/?(0))-(0,0).So

-—(x,0;y,x)dx' =
|jc'|<£   axn

ß

(y,x)Erß(0)J \x'\<
t—0 x'ER"

We are now ready for the proof of Theorem 2.4.1.
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Proof of Theorem 2.4.1

dG

since

/.

ß
(x,0;y,x)da(x)

xEdD dNx y/4n

dG t     n .(x,0;y,x)< IEdD
\x'\>e

dNx
da(x)

+ (       VxG(x,0-y,x)-(-V4>(x'),l)dx'
JxEdD

ß

< I
\x'\<e

dG

xEdD

X'\>£

dN>
(x,0;y, t) da(x)

+ sup |V0(x')|- /       \VxG(x,0;y,x)\dx'
\x'\<e JxEdD

\X'\<E

— (x,0;y,T)úíx'-y=
|jc'l<e   dXn V4;|jc'|<e

x'ER"~[

=i'i+i'2+n

— (x,0;y, t) = —(x,0;y, t)   and
<9(x',x„)

d(x',x'n)
= 1

with x'n = xn - (fi(x'). Now

/        \VxG(x,0;y,x)\dx'<   í        r^exp (-C^f¿) dx'
JxEdD' JxEdD' \x\n+¿l¿ V \A       J

\x'\<* \x'\<e

^L^^K)^^
'xEdD

\x'\<e

for (y,x)£Yß(0).

Therefore |/£| < C"supk,|<£ |V2</>(x')| |x'| < C'"e .

By Lemma 2.4.16, 7] - 0 as (y, t) g F^O) - 0. Also I[ — 0 as x — 0.
Therefore

lim
(y,x)ETß(0)

x-*0
I

lim      /
,T)ers(oi Jxi

EdD dNx

f)C R
'x, 0; y, x)da(x) - <Ce   Ve > 0

dG *     n sa  t   s        ß'x, 0; y, x)da(x) -
(y,x)ETß(0)JxEdD 9NX

T—0

2.5. An example. In this section we will give an example of a solution of the

heat equation in P2 to show that the index 3/2 on t in the definition of the

space-time cone for the corner points of a cylinder is essentially sharp.
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By the result of P. Hartman and A. Wintner [HW] and Hattemer [H], if

d(x,t)=   £(4Jri)-1/2exp(-^±^V

k=—oo

then the Green function for the heat equation in the region Dx x (0, oo), where

Dx = [0, l]2, is given by

2

G((x\ ,x2),t; (yx, y2), t) = JJ{0(jc,- -y¿, t- x) - 0(x¡ +y¡,t- x)}
i=i

where 0 <s < t < oo . Therefore

= -26Xx(xx, t - x)• {0(x2 -y2,t-x)- 6(x2 +y2,t-x)}

yx=0
dN(y\,yi)

where d/dN(y¡?y2) is the derivative in the direction of the inward normal

N{yx,y2) t0 d¿>i at (yx,y2) £ dDx . By the representation theorem in sub-

section 2.2,

u(x, t) = -20 Xl (xx,t-x)- / [0(x2 -y2,t-x)- 0(x2 + y2, t - x)} dy2
Jo

with x = (xx, x2) £ Dx, t > 0, is the strong solution of the (IDP) in Dx x

(0, oo) with initial trace 0 on öj and trace dX on dDx that equals dx2 on

{0} x [0, 1] and equals 0 on dDx\{0} x [0, 1].
Fix a point (x°, x^) = (0,xfj edD, 0 < x% < 1, and let (x, t) £ Dx x

(0, oo). Then

/  {0(x2-y2,í-T)-0(x2+y2,/-T)}¿y2
Jo

is the bounded solution of the heat equation in [0, 1 ] x (0, oo) with initial value

1 on (0, 1) x {0} and boundary value 0 on the lateral sides of [0, 1] x (0, oo).

Therefore
-i

{0(x2 -Y2,t-x)- 0(x2 + y2,t-x)}dy2 - 1   if |x2 -x2°| < Ct3'2 - 0.
/o

On the other hand,

k=-oo ^ '

*i      ZXJ   A\ ,    Y   {Xl+2kK::v(   iXi+2k)2
- V4¿ty2 CXP I   41) +   2.    ^4^,3/2 exp i, 4i

k=—oo
k¿0

If xi = ßta , then the second term always goes to 0 as t — 0 while the first

term will converge to 0 if a > 3/2, oo if a < 3/2, ß/\f4n if a = 3/2 . Hence

u(x,t)-+0   as t — 0 if a > 3/2 and x, = ßta, |x2 - x2°| < Ci3/2,

— oo   as t - 0 if a < 3/2 and x, = ßf ,  |x2 - x\\ < Cti/2,

P=   as / - 0 if a = 3/2 and X! = ßta,  \x2 - x?| < C/3/2.
4n

IJo
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Therefore the index 3/2 on / in the definition of the space-time cone is essen-
tially sharp.
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