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A FATOU THEOREM
FOR THE SOLUTION OF THE HEAT EQUATION
AT THE CORNER POINTS OF A CYLINDER

KIN MING HUI

ABSTRACT. In this paper the author proves existence and uniqueness of the
initial-Dirichlet problem for the heat equation in a cylindrical domain D x
(0, co) where D is a bounded smooth domain in R” with zero lateral values.
A unique representation of the strong solution is given in terms of measures u
on D and A on 8D . We also show that the strong solution u(x, t) of the
heat equation in a cylinder converges a.e. xo € 9D x {0} as (x, t) converges
to points on 4D x {0} along certain nontangential paths.

INTRODUCTION

The existence and uniqueness of the initial-Dirichlet problem for the heat
equation in a cylindrical domain D x (0, T) subject to Dirichlet boundary
conditions u#|spx(o,7) =0 where D is a bounded smooth domain in R" have
been studied by a large number of researchers. (See [F, LSU, FGS).)

In this paper, by following the argument of Dahlberg and Kenig [DK2], I
prove the existence and uniqueness of the nonnegative strong solution of the
initial Dirichlet problem (IDP) for the heat equation in a cylinder D x (0, o),
D € C>, with Dirichlet boundary condition #spx(0,00) = 0.

In fact I show that corresponding to each nonnegative strong solution u(x, t)
of IDP, there exists a pair of measures £ on D and A on 6D such that

u(x, 1) = /DG(X,t;Q,O)dﬂ(Q)

oG
oD b—NE(X’ t; Q’ 0) dj’(Q)

where G(x, t; @, s) is the Green function for the heat equation and /9Ny
is the derivative in the direction of the inward normal at Q.

I also find that the strong solution u(x, t) of the heat equation in a cylinder
converges a.e. Xo € 0D x {0} as (x, t) converges to points on 9D x {0} along
certain nontangential path. In fact I prove that

. B di
Iim wux,t)=—--— a.e. xp€dDx{0
(x, €T (x0) (-0 Van do ° 10}

t—0
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where Tg(x0) = {(x', Xu, ) € D x (0, T) : x| < Cxp, xp = B2}, x =
(x', xn) is the local coordinate of the point x with respect to the local coor-
dinate system at x; with origin at x, and with the plane {x, = 0} tangent to
oD at xp, and % is the Radon-Nikodym derivative of dA with respect to the
surface measure do on 4D .

While the existence of Fatou type limit on the lateral surface and bottom
of a cylinder has been investigated by Fabes, Garofalo, and Salsa [FGS], Fabes
and Salsa [FS] in the case of nondegenerate parabolic equation, and by Kemper
[K] in the case of heat equation, nothing is known about the behaviour of the
solution u(x, t) as (x, t) tendsto dD x {0} . My result is entirely new. I have
also shown that the index % appearing in the definition of I_’,g(xo) is essentially
sharp.

By using the argument of M. Griiter and K. O. Widman [GW], we will
establish various estimates for the Green’s function of the heat equation in
D x (0, c0) in §1. (The author was informed by Professor Russell Brown that
similar estimates were obtained by E. B. Davies [D] using logarithmic Sobolev
inequalities.) In subsection 2.1, we will show that any strong solution u of the
(IDP) has a trace # on D and a trace A on D with fxeD(S(x)du(x) < oo,
eraD dA(Q) < 0o, d(x) =dist(x, D) and Vn € C*(R"), nlep =0,

. on
&1_% Du(x, Hn(x)dx = /Dnd;t+ N da
following the same line of proof as [DK2].

In subsection 2.3, we will prove some priori estimates for the strong solutions
u of the (IDP) of the heat equation in a cylinder. In subsection 2.4, we will use
the methods in [JK], [K] and [FGS] to prove the convergence a.e. on dDx {0} of
u(x,t) as (x,t) = (Qo,0) € 3D x {0} along the nontangential paths I's(Qo)
by assuming the everywhere convergence a.e. of the solution % of the heat
equation at the corner points D x {0} with initial trace (du, di) = (0, do)
where do is the surface measure on 9D along these nontangential paths.

And in subsection 2.5, we will finish the proof by proving the everywhere
convergence of such solution # along

T4(Q0) ={(Q,s)=(Q, Qn,s) e R" ' x R* xR :
|Q,' < MQn s Qn = ﬂ(-—S)3/2 < a}

for all corner points (Qp, 0) € 8D x {0} by using layer potential method.
Finally in subsection 2.6 we will show that the index -g— on ¢ in the definition
of the nontangential cones at corner points are essentially sharp.

1. ESTIMATES FOR THE GREEN FUNCTION

In this section we will establish various estimates on G(x, t; Q, s) the Green
kernel of the heat equation in D x (0, co) following basically the line of proofs
of [GW] for the estimates on the Green’s function for the Laplacian. We will
start with a lemma.

Lemma 1.1. Let ug be a solution of the heat equation in Dg x (0, (2R)?) where

Dr = B(0, 2R)\B(0, R) with boundary value given by ¢(x/2R, t/(2R)?*) where
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b€ C=(8,(Dy x (0, 00))) with

{ o(x,t)=0 for(x,t)edB(0,1)x[0, 1)U (B(0, 1)\B(0, 1/2)) x {0},
o(x,t)=0 for(x,t)edB(0,1/2)x(1/2,1),

and 0< ¢ < 1. Then

IVxur(X, )l Loo(Drx(0,2R12) < 7 < 0

x|

for some constant C > 0 independent of R.

Proof. The lemma follows from the boundary Schauder’s estimate. (See [F, p.
65, Theorem 6].)

Corollary 1.2. Let vg be a solution of the backward heat equation d;vr+Avg =0
in Dg x (—(2R)?, 0) where Dg = B(0, 2R)\B(0, R) with boundary value ¢
where ¢ € C*® and

#(Q,s)=1 for(Q,s)€dB(0,2R) x (—(2R)?, 0]

or (@, s) € (B(0, 2R)\B(0, R)) x {0},
$(Q,s)=0 for (Q,s)€dB(0, R) x (—(2R)?, —2R?)

and 0< ¢ < 1. Then

C
IVxUR(X, Ol Lo (Drx(-2R)2,0)) < R <0
for some constant C > 0 independent of R.
Lemma 1.3. For 0<s<t<T, T >0, we have
(1)
. —clP-QJ?/(t-s)
G(P, 150, 5) < =gy ,  P,QeD,
(ii)
, CO(P)  —apoftrie
G(P,t,Q,s)gme clP=QI°/(t=s) P,QeD,

(iii)
G(P.1,0,5) < 2EPQ) —cr-otii9  p gep,

= (t—s)"+22
(iv)
oG Co(P —clp— _
W(P,t;Q,S) Srsé%z/ze clP-oi*/u S), PeD, QeodD,

where 0 /0Ny is the derivative in the direction of the normal to D at the point
Qe€dD, 6(P)=dist(P,dD), and C is a constant independent of P, Q,t,s.

Proof. (i) is proved in [LSU]. To prove (ii), note that since D is smooth, D
satisfies the exterior sphere condition, i.e. there exists a positive constant 2 > 0
such that for each x € 8D, V0O < r < h, there exists xg € D¢ such that
B(xo, r)ND = {x}.

Casel. 6(P)>h.
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Then 5 5 2
(P) _o(P) (t—35) o(P)
N BB e
So by (i)

C’ P2 5(P)
. c|P=Q)/(t=s), _“\" )
G(Pat’ Q’S)S(t_s)n/ze (t_s)l/z

,  O(P) o—cIP=0I/(t=s)

— (t_s)n+l/2

Case 2. O(P) > (t—s5)"/2/4.
Then 1/4 < 8(P)/(t —5)"/2. So by (i)

G(P, 1;0Q,5) < —Cemelr-oliu=s, HP)

(t—s)n2 (t—s)1/2
< C’( 5(;’) 1/26,-c|1>-Q|2/(:—s)_
- t —-S n+

Case3. 6(P)<h and 6(P)< (t—s)/2/4<h.

We fix P* € D with |P — P*| = §(P) and set R = (¢t —5)'/2/4. Since
D satisfies the exterior sphere condition, there exists a Py € D¢ such that
B(Py, R)nD = {P*}. We may also assume without loss of generality that
PP*CD.

Consider the cylinder Q% = D} x (t—(2R)?, t], Dy = B(Py, 2R)\B(Py, R).
Then (P, t) € QxND x (0, co) and for any (P', ') € QxND x (0, c0),

t—s>t —s>t—(2R)? -5

(t-s)2\* 3(t—s)
2t—s—( 3 ): 7 .

Now we have either

(@ s g P22
or
(®) j0- s > 22

If (a) holds, then R < |P - Q|/8, so
|P'—Q|>|P-Q|-|P-P
> |P~ Q| - (IP = Pol +|Po = P')
>|P-Q]-(2R+2R)
[P - Q|
2 2 .

Therefore

C _elP — O /(4 — .
G(P', 13 Q,9) < gz 0M= by (i)
c’ 2
<« G er-0Piu-s)
~ (t—s)n?
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If (b) holds, then |P — Q|2/(t — 5) < 4 = e=—¢IP=QI*/(1=5) > ¢=4C"  Therefore
G(P' - < c ~clP'=QP/(I~$) by (i
(P, ,Q,S)_me y (i)

C c” ' 2
—c'|P=QI*/(t-s)
< W —s5)"2 = -2 ‘ i

In both cases, we have

G, 150, < Cro—ian _ls)n pec PO/,

If %r(P', t') = ug(P' — Py, t' — (t — (2R)?)), (P',t') € Q% where ug is as in
Corollary 5.2, then since

G(P',1;0,5=0
ur(P',1)>0, Y(P',¢)edDx[t—(2R)?, )N Q%

and

. 1 —c'|P—
{G(P’,t/,Q,s)SC(Z )n/Ze | QI/(ts
ur(P',t)y=1, V(P',t')edpQrNDx (0, ),

by applying the maximum principle to the functions

G(-,-5Q,s) and Cm ¢ IP=QP/t=9)ggp (., )

in the region Qr N D x (0, co) we have:

G(P,1;Q,5)<C e=cIP=QP /=95, (P 1)

e

since (P, t) G@ODX (0, oo0).

c_9WP) _—ep-or/u-s, |9UR

<
T (t=s)m?

(7. 0)

where 0/01lp- is the derivative in the direction PP* and P is some point on
PP+

!
<C a(P) e—cIP=0I/(t=s) ¢ (by Corollary 1.2)

T (t—s)n? (t—s)1/2
< C’( 5(;’) - o—CIP—01/(1=5)
- t — s)n+

Case 4. 6(P)< h and 6(P)<h<4h < (t-s)'/2.
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We fix P* € D as before and set R =h. Since now R=h < (t—5)'/2/4,
the same arguments as in Case 3 imply
1

. e—CP=QP /-9y
(t—s)"/ze ¢ SUur(P, t)

G(P,t;0Q,5)<C

O(P) _ —cip—0/u-s)
< Ca=sm®

P .
< Cr(t%)n—lme‘c""mz/"‘” since0<s<t<T.

Proof of (iii). The proof of (iii) is analogous to the proof of (ii).
(iv) follows from (iii) by dividing both sides of (iii) by §(Q) and then letting
Q — Qo € 0D along the normal to D at Q.

Corollary 1.4. The following is true:

(1) IVoG(P, t;Q,5)| < C%e‘f“"@'z/“-”,
(i) VsG(P, 1;Q, 5)| < c(t—_%e—cw—em—w,
(ii1) IVoVeG(P, t; Q, s)| < C(_IZW"—CIP_QWU_S)’

forall 0 <s<t<T (forany fixed T >0), P,Q € D, and C is a constant
depending only on T > 0.

Proof. Case 1. 6(Q) < (t—ys)1/2.
Apply Schauder interior estimate to the function G(P, ¢, -, -) in the cylin-

der Qf = B(Q, R) x (s, s+ R?) with R=05(Q)/2. Weget Vi=1,...,n,
96 p,1;0,9-2QDcc swp 6,60,
aQi 2 (Q',S')EQ;(
<C sup OP)Q) e—cIP=Q'1/(1=5")

(Q',5")€Q, (t —S/)"+2/2 '

Now for any (Q’', s’) € Ok,
s<s' <s+ R?
=>t-s>t—5>t—s—R?

2 2
3(t-y)
2 7
Let Q* be a point on 4D such that |Q — Q*| = d(Q). Then

Q) <10 -0 <10 -Q|+|2- Q"

< 360 +5(0) = 222
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Also we have either

@ (-5 <222
or
(b) (l 1/2 |P Ql

If (a) holds, then
P-Q|>P-0-1Q-Q|>|P-0|-R
_ 1/2
> 1P Q|- (‘”Q)) >1p-g - L2

P— 3P -
2P -2l _3P-0]

So
e=CIP=Q'P/t=s") < p=c'IP=0P/(t=s5)

If (b) holds, then
|P = Q*/(t —5) < 4= e C1P=Q/(1=5) > o=4C" 5 o=c'IP=Q'F/(1=5")
since e~¢'P~Q'I"/=s) < 1. In both cases we have
e=CIP=QP1=5) < Coc'IP=QP/(t=s)

Combining the above inequalities we have
I(P)D) —cip-0' Pl « ¢ IPIND) —cip—QP/-s)

(Ql supeQ’ (t - S/)n+2/2 - (t - S)n+2/2
Hence
G (Q) ( )5(Q) —c'P—Q|2/(1_S)
BQ,(P 60,9 2 SC(,_S)Hz/z
o(P b _
= |VoG(P, 1; Q, 5)| < cme IP—QP/(t=s)

Case 2. 6(Q) > (¢t — 5)"/2. The proof is the same as in Case 1 except that we
apply the Schauder interior estimate to G(P,t; -, -) in Qr = B(Q, R) x
(s,5 + R?) with R = (t —s)1/2/2, and use (ii) of Lemma 1.3 to control
GP,t;0,8), (Q,s)€ Q-

The proof of (ii) and (iii) is similar to the proof of (i). We omit the details.

2. THE HEAT EQUATION IN A CYLINDER

2.1. The initial Dirichlet problem. In this subsection we will follow the ar-
gument in [DK2] to prove that all strong solutions u(x, ¢) are in one-to-one
correspondence with suitable pairs of measures £ on D and A on dD. We
will also show that any strong solution u has an explicit representation given
by

oG

con INg - (X, 150, 0)dA(Q)

uix, 1) = G(x,t;Q,O)d/t(Q)+/

QeD
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where 9/0 Ny is the derivative in the direction of the inward normal Ny at
QedD.

We will start with some definitions and results of [DK2]. We say that u isa
strong solution of the initial Dirichlet problem (IDP) for the equation Au = d,u
in Dx (0, oo) if u is a continuous, nonnegative function in Dx (0, co), u =0
on D x (0, co) and for all smooth functions 7 on D x (0, co) which vanish
on 4D x [t11, 172], 71 > 0, we have

// [uAn+u@] dxdt
Dx[ty, 1] ot

- / u(x, )n(x, 12) dx —/ u(x, T)n(x, 7r)dx
D D

Lemma 2.1.1 [DK2, Lemma 2]. Let u,, u, be strong solutions of the (IDP) in
Dx(0,00). Let n >0, n e C(D), andlet T < oo, {1} \ 0, 10=T.
Then there exist nonnegative measures {A;} on D with [, dA; < [ndx and

[, )= watx, iy dx = [ i) = walir, 1) 0
where w;(x) = Gu;(x) = [, G(x, y)ui(y)dy (i.e. the Green’s potential of u;),
i=1,2.

Proof. The proof is contained in the proof of Lemma 2.12 of [DK1].

Let u be a strong solution of the (IDP) and let w = Gu. Then dw/dt =
—u < 0 (see (2.25) of [DK1]) and hence lim,_,ow(x, t) exists for each x € D.

Lemma 2.1.2 (Pierre’s maximum principle). Let u, u; be two strong solutions
of the (IDP) in Dx(0, oo). Suppose that u, € C(Dx[0, o0)) and that w; = Gu;
verify lim,_ow;(x, t) > lim,_owy(x, t). Then w(x,t) > wa(x,t).

Proof. Same as the proof of Lemma 3 of [DK2].

Lemma 2.1.3. Let u be a strong solution of the (IDP) in D x (0, o0) and w =
Gu. Then there exists xo € D such that lim,_ow(xg, t) < cc.

Proof. Suppose that lim,_ow(x, t) = 0o Vx € D. We claim that this implies
that w(x,?) = o0 Vx € D, t > 0. In order to prove the claim we first note
that Lemma 2.1.2 implies that

w(x, t) > wp(x, 1) = Gu; YfeCP(D)

where u, is the solution of Auy = duy in D x (0, co) with initial data
us(x,0) = f(x), ¥x € D and boundary data u#s|spx(0,) = 0.

= w(x, ) > wy(x, t) = Guyr = G(Auy)
=AGuy VA>0, fe (.
Now fixan fe C®, f>0,and f(X)>0 forsome X € D. Then
ur(x,t)>0 vxeD, t>0
by the Harnack inequality. So Guy(x, t) > 0 and thus

w(x,t) > AGus(x,t) - oc asi— oo.
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On the other hand Vx e D, 1> 0,
w(x, 1) = /D Glx, y)u(y, 0)dy < 1G(x, Mpo (-, Ol =) < 0.

Contradiction arises. Therefore there must exist an xy € D such that

lin(l)w(xo, 1) <oo.
—

Lemma 2.1.4. Let u be a strong solution of the (IDP) in D x (0, oo). Then

sup [ u(x, t)d(x)dx < oo and / h(x)dx < o
D

t>0 JD
where h(x) =lim,_ow(x, ).
Proof. The proof follows the argument used in the proof of Lemma 6 in [DK2].

Theorem 2.1.5. Let u be a strong solution of the (IDP). Then there is a positive
Borel measure u on D with [,d(x)du(x) < oo and a positive Borel measure
A on 3D with [y, dA < oo such that whenever n € C*®(R"), nlsp = 0, we
have

. _ on
%1_1'13 Du(x, Hn(x)dx = /Dnd;t+ 3N da
where 0 /0N is the derivative in the direction of the inward normal N .

Proof. Let h(x) = lim,ow(x, t). By Lemma 6.1.4, [, h(x)dx < oo. Hence
h is superharmonic in D and we can use the same argument as in the proof of
Theorem 7 in [DK2] to finish the proof of Theorem 2.1.5.

Theorem 2.1.6 (Uniqueness). Suppose u; and u, are two strong solutions of
the (IDP) and that

lim [ wy(x, )n(x)dx = lim/ ur(x, n(x)dx

t—0 D t—0 D

vn € C*(R"), nlap =0.
Then u; = u,.
Proof. The same as the proof of Theorem 8 of [DK2].
We need one more lemma whose proof is not hard.

Lemma 2.1.7. Let G(x,t; Q,s) be the Green kernel for the heat equation and
neC®R"), nlap=0. Then

/ G(x,t;Q0,0nx)dx<Cé(Q)<x VQeD, 0<t<1,
x€D

Jor some constant C independent of Q € D and 0 < t < 1 where §(Q) =
dist(Q, oD).

Theorem 2.1.8 (Existence). Given a pair of measures u on D and X on 0D
with u >0, A>0, fod(x)dﬂ(x) < 00, faD dA < co, there is a unique strong
solution u of the (IDP) such that for n € C*(R"), nlsp =0, we have

lim u(x,t)n(x)dx=/r1du+/ g—;{,—di
D D aD

t—0
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where 0/0N s the derivative in the direction of the inward normal N . In fact
u(x, t) is given explicitly by

oG
ww, 0= [ Glx,1;0,0du@+ [ TE(x.1:0,0)dXQ)
QeD [0]2:2)] )
where G(x, t; Q, s) is the Green kernel for the heat equation.
Proof. Let
u(x,t) = G(x,t;0,0)du(Q),
QeD
oG
U(x,t) = x,t;Q,0)dA
0= [ SR )dA(Q).

By the uniqueness theorem, it suffices to show that both u; and u, are strong
solutions of (IDP) and that u; + u, has initial trace # on D and 4 on 0D.
Clearly both #; and u, are continuous, nonnegative functions on D x (0, c0).
Since

Glx,t: 0, 0)du(Q ’<C / Q) —clx-0Frt gy ()

t”+1/2

< s [ 0@ du(@)

l QebD

and

“Z(x,1;0, 0)} di(Q) < / ,n+C e~k =0/t 43(0)

tn+l/2/ di(Q) < 0,

olaw

N,

we have Yy € C®°(D x (0, o)), ¥|opxpr,.c=0, 71 >0,

// [uIAl//+u1(?9 ] dxdt
Dx[ty,12]
oy
=[[[ 600 [Aw+—] dx didp(Q)
D JJDx[1,1,] ot

=/D<//D[] [AxG(x,t;Q,O)V/(x,t)

2,10, 0, )] dxdt) du(Q)

+/ /G(x,t;Q,O)wx,z)dx
QeDbJD

=1

du(Q)

=7

=/u1(x,rz>w(x,rz>dx—/ w(x, 1w (x, 1) dx
D D
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// [uzAl//+u26 ] dxdt

Dx[1y,1,]
/ // (x,1:0,0) [Al//+6—] dx dtdi(Q)
aD J JDx[1,,15) 3NQ

= —AG(x,t;0,0w(x,t
/aD//DxM][aNQu 0. 0)y(x. 1)

_ _6_3, G(x,t;Q,0w(x, t)] dxdtdA(Q)

0Ny
/aD/aNQ" 0. 0v(x. 0dx| diQ)

=/u2(x,fz)W(X,T2)dx—/ ua(x, )W (x, 1) dx.
D D

and

=1

It remains to show that

1 lim u(x,t)= lim U(x,)=0 Vv €dD, t; >0,
O S R A A ) Qo !

and (ii): u; hastrace £ on D, 0 on 9D, and u, has trace Oon D, A on
oD.

Proof of (i).
u1<x,z>=/ G(x,1; Q, 0)du(Q)
Q€D
~ G(x,t;0,0)
- /Q LS00 du).
By Lemma 1.3,

G(x,t;Q,0)<Cr 6(:2?5?) —elx=0P/t forQ0<t< T

for any T > 0. The Lebesgue dominated convergence theorem then implies
that u;(x,t) —> 0 as (x,t)— (Qo, t1), Qo€ dD, t; >0. That is,

im  wu(x,t) =0YQy € dD, t, > 0.
(x,0)—(Qo, 1)

Similarly uy(x,t) = 0 as (x,t) = (Qo, t1), VQo € 0D, t; > 0. Hence u;
and u, are both strong solutions of the (IDP).
Proof of (ii). By Fubini’s theorem for any n € C*®(R"), nlsp =0,

/ ul(x,t)n(X)dX=/ G(x,t;Q,0)du(Q)n(x)dx
x€D xeD JQeD

_ /Q . ( / G0, om(x)dx) du(Q)

— ndu by Lemma 1.7.
QeD
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Also

/uz(x On(x) dx = (x,1: 0, 0)n(x)dx dA(Q)

0eoD Jxep BNQ

_/QeabaNQU Glx. 13 Q. On(x) dx ) dA(Q)

on
/QGBDBNQ(Q)dA(Q) ast— 0.

2.2. A priori estimate. For any point S € 8D, there exists a local C>® space
coordinate system ¢gs: R" — R at S, i.e., there exists ry > 0 such that

DNB(S,rn)={Q=(Q",0):Q €R"™, QneR, 0> ¢s(Q)}
NB(S, ro),

dDNB(S, 1) ={0=(Q", 0n): Q' €R"™", QueR, On=09s(0")}
NB(S, ro)

and with the {Q, = 0} plane being tangential to 0D at S and the origin of
the local space coordinate system is at S, i.e., S = (0, 0) in the local space
coordinate at S.

Since 9D € C*>®, 0D satisfies the interior cone condition at S = (0, 0),
1.€., there exists M >0, a > 0, such that

$)={Q=(Q,0n):1QI<MQn, 0<Qn<a}CD

where (Q’, Q) is the local space coordinate of Q with respect to the coordi-
nate system (S, ¢gs).

We define the nontangential approach to (S, 0) € 9D x {0} in D x (0, o0)
to be the space time cone

[p(S)={(Q,0)=(Q,0n,t) e R"'xR* xR :
Q| < MQy, Qn=pr}?<a}

where (Q', Qn) is the local space coordinate of Q with respect to the coordi-
nate system (S, ¢s).

Note that we can choose M and a such that they are independent of ¢g
and S € D but depend only on 9D and ry.

Lemma 2.2.1. Va >0, a >0, there exists C, = C(a, a) > 0 such that
e~ =2/t < CLe=ax /) yx e R 150, |z] < aVi.

Lemma 2.2.2. Fixan S € 8D and let ¢ = ¢5 : R"! — R be the C*= local
coordinate system associated with S as described at the beginning of this section,
i.e. there exists ro > 0 such that

DNB(S,rn)={Q=(Q",0x):Q €R", 0 eR, Q> ¢s(Q")}
NB(S, ry),

ODNB(S, ) ={Q=(Q,Qn):Q €R", 0, €R, Qn=0s(Q")}
NB(S, ry).
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Let v be a positive Borel measure on D with [, d(x)dv(x) < co and suppv C
B(S,ro). If u(x,t)= [,G(x,t;Q,0)dv(Q), then

ux,t) < CM(6(Q)dv(Q))(Qo) VY(x,t) €Tg(Qo), Qo€ B(S, r0)NaD,
where C is independent of Qo € B(S, ro)NAD and v .

MU)(Q0) = sup o // s f(@)do,

. Q'er™!
M(5(0)dv(0))(s) = sup o / / e, @@
=(Q",Qs), Q'€R™!

where Qo = (Qy, ¢(Qp)) € dD N B(S, ry), Q = (Q', Qn) is the local space
coordinate of Q with respect to the local coordinate system (S, ¢s) at S as

described at the beginning of this section, and B'(Qy, p) = {Q' € R*1 :|Q' -
Ql < p}.
Proof. By Lemma 1.3,

o(x)d —elx—
G(x,t;Q,O)SC%e | Q|2/t.

So for any (x, t) €T'4(Qo), Qo€ B(S, rp)NdD,

u(x, t) = G(x,t;0,0)dv(Q)

QeD
J(X) 1 —clx—0]?
<CoR g [, o0 (©

<cC n—ll/2_ / / e=<10-CP/i5(0) dy(Q) by Lemma 2.2.1
t QeD

' l —10' -0’
sotm{ [ eaetisgane)
10 -yl
QeD

+ [ e~<10-0¥15(0) du(0)}
2kll/2S|Ql—Q6|SZk+IlI/2
QeD

k=0

<c (1 ¥ 2(2"“)"-%*’2’*) M(5(0) dv(Q))(Qo)

k=0

< C'M(6(Q) dv(Q))(Qo) -
Theorem 2.2.3. Let us(x,t) = [,,0G/dNg(x,t; Q, 0)dA(Q) where Aisa
positive Borel measure on 9D with [, dA < co. Then uy(x, t) < (dl)(Qo)

forall (x,t)€Tp(Qo), Qo€dD, where

M(dA)(Qo) = sup — / di(Q), QoedD.
p>0 P |Q—Qol<p
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Proof. By Lemma 1.3,

oG

o) 1 _ax—ops
SN 0 0)SC e .

13/2  yn—1j2

So

o) _1 —clx-Ql/r
uy(x, 1) < cm.tn__m/gewe di(Q)

< C,Tl,ﬁ / e~ =P/t g3(Q) for (x, 1) € T5(Qo)
t Q€D

< C'M(dA)(Qo) V(x, 1) €T4(Qo), Qo€dD.

2.3. A Fatou theorem for the corner points of a cylinder. In this subsection
we will prove the convergence a.e. on 9D x {0} of the strong solution u(x, )
of the heat equation in a cylinder as (x,?) — (Qo, 0) € 9D x {0} along the
space time cone I'g(Qp) as defined in subsection 2.2 by assuming the everywhere
convergence of the solution % of the heat equation at the corner points 9D x {0}
with initial trace (du, dA) = (0, do) (where do is the surface measure on 0D)
along these nontangential paths. We will use the same notation as in subsection
2.2 throughout this subsection.

Lemma 2.3.1. With the same notation as Lemma 2.2.2, there exists C > 0 such
that

{QoN 9D N B(S, ro) : A < M(5(Q)dv(Q))(Q0)}] < —/ o Q).

Proof. See [S, Chapter 1].

Theorem 2.3.2. Let u; = [, G(x, t; Q, 0)du(Q) with u being a positive Borel
measure on D with [;,3(Q)du(Q) < oo. Then
lim ui(x,t)=0 ae QpedD.

(x,1)€lg(Qo)
t—0

Proof. Note that in order to prove the theorem, it suffices to show that

lim u(x,t)=0 a.e. e€edDNB(S,r
(x,t)el'g(Qo) 1(x, 1) Qo (S, ro)
t—

for any S € 9D and rq is as described at the beginning of this subsection.
Hence without loss of generality, we fix an S € 8D and assume from now
on that Qo € 8D N B(S, ry). Write

E, =B(S,rn)N{QeD:dQ)<r}.
Then for all (x, t) € I'p(Qo),

u(x,t) = EanG(x t;Q,0)du(Q /Gx t;Q,0du(Q)
[ 808(Q) o
=¢ Q€E:ND 2 ue)

+ CM(6(Q)xe, du(Q))(Qo)
=L+
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by Lemma 1.3 and Lemma 2.2.2 where x4 is the characteristic function of the
set A.

By the Lebesgue dominated convergence theorem, I; vanishes as (x, f) (€
I'5(Qo)) = (Qo, 0) . Hence for any 4 >0,

HQO €dDNB(S,r):A< (x’t)lérlgé(go)ul(x, t)}‘
<{Qo€dDNB(S, ro): A< CM(6(Q)xe, du(Q))(Qo)}|
<< 3(Q)1z, du(Q)

Q€EB(S,r)ND

0(Q)du(@) —»0 asr—0
Q€B(S ,r)ND
a(Q)<r

since [y(s. 1p(Q)di(Q) < [,6(Q)d(Q) < oo Hence

<<

{QoeaDnB(S,ro):,1< fim ul(x,t)}|=0 VA>0.

 (x,1)€T5(Qo)
t—0
Therefore
lim u(x,t)=0 a.e. e dD.
(o OETg(@ (x. 1) %
t—

Lemma 2.3.3. Let A be a positive Borel measure on 8D with [, dA < co and

let
oG
e, 0= [ (10,0410,
Then for almost every Qo € 0D we have
. oG
(x,t)lgl!é(Qo) ua(x, t) B f(QO) aD m(x’ LQ, 0) dG(Q) =0
t—

where do is the surface measure on 8D and f = di/do is the Radon-Nikodym
derivative of dA with respect to do . (Note that [, fdo < [, dA < oo and
f>0 ae [do].)

Proof. Write dA = fdo +dv, where dv; L do. We will assume from now on
that (x, t) € I's(Qo) in the proof. Now since dvs L da,

. 1
lim n_l/ dus|(Q) =0 ae. Qo €dD.
ro0r 10=0Qo|<r
Q€aD
Also a.e. Qp € D are Lebesgue points of f. Let Qyp € 9D be a Lebesgue
point of f satisfying

lim
r—0 rn=!

/ ldvs|(Q) =0 and 0 < f(Qo) < .
10-Qol<r
Q€aD




622 K. M. HUI

Then Ve >0, 30 > 0 such that

1
@) <e
1@—Qo|<r

QeoD

and

1
rn—l

/ £(Q)— f(Qo)|da(Q) <& WO<r<3.
|Q—-Qol<r

QeadD
Choose ko € Z*+, ko = ko(t), such that 2%¢1/2 < § < 2%+1¢1/2  Then

ur(x, 1) Qo)/ 99 (x.1;0,0)da(Q)

oG
< /‘Q o TG 15 Q- 010 - 1(Q0)Ido(Q) + 14l (@)
Qe€aD
3 oG
0
+k =0 L" 12<|Q—Qo| <2k 1112 BNQ(x t;0Q,0)
QedD

-(I/(Q) - f(Qo)l da(Q) + |dvs|(Q))

+/ 0G = (x, 50, 0)((f(Q) — f(Qu))da(Q) + dvs(Q)).
10-0y/>5 ONo
€0

Since |x — Q| =|x - Qo+ Qo— Q| and (x,?) € ['p(Qo) = d(x) < |x — Qo| <
Ct3/2 < Cy/t,by Lemma 2.2.1 and Lemma 1.3 the last term above is dominated
by

d(x)
(n+2/2

/ e==C/{(d3(Q) + | £(Qo)| do(Q))
|Q—Qq|>0

QeoD

c' —elo- gl
<o [, € 1070 AAQ) + 1£(Q0)l do(Q)

Q€oD

9 —c'6%t
< e

/a | dKQ)+ /(@) do(Q) =0 as 0.
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While the first two terms are dominated by

) 2
CHR /IQ pean®EHISQ) - S(Qu)Ido(0) +1dwsl(Q)
Qeoc’)D

5(x) & (@<t Iy

+C 13/2 pars (2k+1¢1/2)n~1 /zktl/ZSIQ_QolszkHtl/Ze
Q€aD
(I£(Q) = f(Qo) | da(Q) + |dvs|(Q))
< oo (£ - £(Qo)lda(Q) + Idns|(Q)
|1Q-Qo|<t?
Qe€adbD
ko k+1yn—1
(2 M ) —clx—Q|*/t
+Cg (2k+1t1/2)” 1 /IQ_Q0|<2k+|tl/ze
Q€dD
(I£(Q) = f(Qo) | da(Q) + |dvs|(Q))
C (1 + iZ(k*“‘)("")e‘C'ZZk) -e<Cle.
k=0
Therefore

I, et 0 - | 96 10, O)da(Q)‘ <

(x,t)tGFn(Qo) ’ p» ONg =
forall ¢ >0.

> im e, - 00 [ 96 10, O)do(Q)‘ 0

(x,t)terg(Qo) ’ p ONg

and the proof is completed.

Theorem 2.3.4. Let u(x, t) = [,,0G/dNy(x, t; @, 0)da(Q) with do as the
surface measure on dD and Tg(Qo) as in subsection 2.2. Then

T(x, 1) = = vQ, eoD.

lim =
(X.I)Grg(Qo) varn
11—

Proof. Same as the proof of Theorem 2.4.1 of subsection 2.4.

Theorem 2.3.5. Let u(x,t) be a strong solution of the (IDP) in D x (0, oo)
with initial trace u on D and A on 3D . (See Theorem 2.1.8 for its existence.)

Then
lim u(x,t)= B
(x, €T 5(Qo) v4 da

t—0

(Qo) a.e. Qp € 0D

where dA/da is the Radon-Nikodym derivative of dA with respect to the surface
measure do on dD and Tz(Qo) is as defined in subsection 2.2.




624 K. M. HUI

Proof. By Theorems 2.1.5, 2.1.6, 2.1.8, u(x, t) = uy(x, t) + ua(x, t) where

w, 0= [ G, 150,0du@),
QeD
aG
wt, 0= [ SR 10, 0dK0).

By Theorem 2.3.2,

lim u(x,)=0 a.e. €dD.
(x, 0<Ty(n) 1 1) %
11—

By Theorem 2.3.3 and Theorem 2.3.4,

) B dA
lim Uy(x,t) = ——+—— a.e. €0D.
(x,t)el"g(Qo) 2(x, 1) e da(QO) Qo
t1—
Therefore
lim u(x,t)= Iim  w(x, )+ lim  wu(x,t)
(x,)€T4(Qo) (x,1)€T4(Qo) (x,1)€Ts(Qo)
t—0 t—0 t—0
_ B di
- \/4—7[ dO'(QO)

fora.e. Qy€dD.

2.4. A Fatou theorem for the solution with initial trace (0, do). We will start
this section with a definition. We let

Tp(Q0) ={(Q,5)=(Q', Qn,5) R x R* xR™:|Q'| < MQy,
On = (-5’ < a}
where Qg € 9D and Q = (Q’, Q) is the local space coordinate of Q € D
with respect to the coordinate system ¢ = ¢, at Qo as defined in subsection
2.2, « is the constant defined in the beginning of subsection 2.2, and M is

the Lipschitz constant for 8 D. The main result of this section is the following
theorem.

Theorem 2.4.1. Let v(Q, s) = [,,0G/dN,(x,0; @, s)da(x), s <0, with do
being the surface measure on D . Then

: B

lim v(Q,s)=— VQp€ID.
(@ s)€T 00 (©.9=T3 "%

S—

Before proving the theorem we would like to assume without loss of generality
that Qyp = 0 and ¢ is the local coordinate system at Jy =0 with V¢(0) =0,
¢ € C(R™1).

We first note that if D’ is the image of D under the transformation (x’, x,)
— (x', x;,) with x, = x, — ¢(x’), x =(x', x,) € D being the local coordinate
of x with respect to (0, ¢), and if a((x’', x;), ) = u((x’', x;, + ¢(x")), ),
(x', x;) € D', then

Au—90u=0 inD x (—o00, c0)
& div(a;j(x')Vit) -t =0 in D' x (—o0, 00)
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where a,-j(x’) = 5,'1', alj(x’) =a; = —8(]5/(9)@, i,j = 1, NN 1, Ann =
1+ |Vee(x')|?. It is not hard to see that 4(x’) = (a;;) is a uniformly elliptic
matrix with the eigenvalues bounded above and below by positive constants
independent of x', V(x’, x,) € D', and depends on 6D only.

If Gx,t;y,7)=G((x", xn),t; (¥, ¥n), 7) is the Green’s function for the
heat equation A— 9, =0 in D x (—oo, c0), then

G((x', x3), 5 (0, yn)» ©) = G((X', x5+ $(X), £ (V' Y+ 6(0)), )
is the Green’s function for div(a;;V) =9, =0 in D' x (—o0, o0).

Idea of proof of Theorem 2.4.1. We first note that

oG oG
[yt 0y adow = ([ + [ )30y 0doto.

x> Ix'|<e

The first term vanishes as (y, 1) (€ 1_",3(0)) — 0 by the Lebesgue dominated
convergence theorem since its integrand

() Ix — yI?
< C|T|"+2/2 exp|{ —-C E by Lemma 1.3

C , &2 = €
< e (<) for (.9 €Ty0), <3,
-0 as7-0.
While the second term

oG
= —(x,0;y, 1)do(x
[ g 0y, mdoln)

Ix'1<e

/ ViG(x,0;y, 1)+ (~Vyd(x'), 1) dx’
x€dD

Ix'|<e
—/ vx/G(x,o;y,r)-vx,¢(x')dx'+/ oG
xX€OD xX€EOD a-xn

Ix'|<e Ix'1<e

(x,0;y,1)dx".

The term

/ Vx’G'Vx’¢dxl
x€0D

Ix'|<e

5(») ( Ix—yP>
< C sup {|VZ (x| |x / — _exp|-C dx'
< C sup (V@I | ) fepears P b

Ix'|<e

| 12
< C sup |V)2(,¢(x')|.g./ ———7 XD (—C"xl ) dx'
wrj<e 17171

|x'|<e |T|

<(Ce.
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Therefore it remains to consider

oG
0:y, 1)dx = / 0:y,17)d
[VEZ')D 6)Cn(x v, 1)dx’ xeap 0X}, gy (X0 057, D dx’

Ix'|<e |x'|<e
and show that it converges to f/v4n as (y, 1) (€ 1_",9(0)) — 0. To show this
we note that G(x, t;y,s)=Gy(x,t;y,s)+E(x,t;y,s) where

t
E(x,t;y,s) =/ di | Gu(x,t;n, )P(n,4;y,s)dn.
s D’
(See Lemma 2.4.6 below.) G,(x, t; z, s) is the Green’s function for

0%u  du
y — -7 = — / !
Lu=Ya;() axox, =0 Y=0L),

from which 8G/dx, = 8G,/8x, + 0E/dx,. Since x € D', |x'|<e<ry=
x}, =0, dal@D'n{|x|Se} =dx'. If

/ |VxE|da(x) — 0 as(y, 1) (€T4(0))—0
X€AD

[x'1<e
then
G . oG
lim dx'= lim / —Ldx'.
(v, 1€T5(0) Jxeon’ O%Xn (. 0€T5(0) Jxeap' OXn
—0 |x'|<e —0 [x'|<e

On the other hand, layer potential method implies that the function
= wy(x,0;y, 1) =) a;)n (X) y(x 0;5,71)
satisfies

wy(x,0;y,7) =2 a;(y)ni( (x 057, 7)

-z/ di [ H(x,05n, Dwyn, 2y, 1)da(n)
n€on’
where Z,(x, t; n, 1) is the fundamental solution for L’u =0 and

Z
Hy(X,tQ”,'l) Zal} y)n (x t " ’1)

(ni(x))7-; = Nx = unit mward normal atx e oD’
=(0,...,0,1) if|x|<e, xedD'.
So

Zau y)n(x y(x 0;y,17)= Zan, —2(x,0;y,1)

ad’ ! y aG.V
Z 6yj(y) 6x,- * Oxp
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Therefore
8
[ ¥ 505 05y,
’lff?g 1<j<n—1
3(») ( Ix—y|2>
< . _INT _ < C!
=C e Vel o TP )=
x'|<e

as before. Hence

9G oG , aG , ,
/xeaD 8—N—xda(x) ~ /xeaD’ o, dx = /ce,aD’ ox] dx

x'|<e
|x'|<e <

z/ aGyd / / a /

1x'|<e ax |x'|<e axl

~ Gy dx' ~/ a;;j(y)ni( x,0;y,1)dx
/|x o [ Taw ( y, 7)dx

9z, ,
=2 Zaij(y)ni(x)ﬁ(x,();y, 1)dx
j

|x'|<e

0
—2/ / di [ Hyx,05n, Awy(n, A; v, 7)do(n)dx’
|x!'|<e nean’

B
N
Van
if the first term above — fB/v4n and the second term above — 0 as (y, 1)
(€T'4(0)) —» 0.
By the above discussion, we see that ~in order to prove Theorem 2.4.1, it is
natural to first investigate properties of G. We would let G,(x, ¢; n, 7) be the
Green’s function for the equation

ou
Yy = : ! _
LDy = E a;j(y 8x,6x, (x,t)— 51 —(x,t)=0 indD" x (—o00, )

and
Z.V(x: tyn, '1)
_ 1 T al () — 1) = )
= [detai(p)'2  @n(t—0)7 """{ 41— : }

be its fundamental solution throughout this section where (a;;(x)) is as defined
on page 624 and (a"/) = (a;;)~' . We will also assume without loss of generality
that 8D’ is smooth throughout this section. Since the adjoint equation for L’
is

ov
Lo =Y ajQy) ,az, z,7)+5.(2,7)=0,

maximum principle holds for solutions of LY and L’" . Therefore Lemma 1.3
and Lemma 1.4 remains valid for G, . For the sake of completeness, we state
them here again.
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Lemma 24.2. For —-T <1<t<T, T >0, we have

(i)
. C |X—Z|2 '
Gy(x,t,z,‘t)gmexp<—C 1 ), x,zeD",
(i1)
) d(z) |x — 22 ,
Gy(x,t,z,t)gC(t—_?)mexp<—C P , x,zeD,
(ii1)
_ d(x)d(z) |x =z ,
Gy(x,t,z,1')§C———(t_1_)n+2/2 -C— 7 ) x,zeD,
(iv)
aG, ) 6(2) _Alx =z
aNx(Xat,Z,T) Scm)mr—z/ze)(p< C—tT )

xedD, zeD',

where 0 /0 Ny is the derivative in the direction of the normal to 0D’ at the point
x €0D’, d(x)=dist(x, dD'), and C is a constant independent of x, z,t, 1.

Corollary 2.4.3. The following is true:

~ : d(x) |x — z|?

(1) |Vsz(x, t;, z, T)i < C(_IW exp( C—— 1 .
y . 4(2) [x — zf?
(i1) [VxGy(x, t; z, THSCW ( C o

forall -T<t<t<T (forany fixed T >0), x,ze€ D', and C is a constant
independent of y and depending only on T > 0.

The following lemma comes from [LSU, Theorem 16.3].
Lemma 2.4.4. The Green'’s function G,(x,t; z, 1) for
LY =Y "a;(y)d%,, —~0 =0 inD' x (-0, o0)
satisfies the following inequalities:

: , ) C |x — z|?
(1) |3,8;Gy(X,t, z, T)Ismexp(—C —1 ) s
10/05Gy(x, t; 2, 1) — 805Gy (x, t'; z, 7)|
.. 5
(i) < C(t = t)M2r=sI2(y — 1)~ (432 ey (_CIX - Z| > ’
- -1

where 2r+s=1,2 and t <t <t, and
|0/0;Gy(x, t; z, 1) —0/05Gy(X, t; z, 1)]
|x —X| |x" - z|?
< Cmexp _C—[—T
where 2r +s = 2 and X is that one of the points x, x' which is closest to y,
C is a positive constant independent of y .

(iii)

The following lemma comes from [F, Chapter 1, Lemma 3].
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Lemma 245. If —co<a<n/2+1, —co< B <n/2+1, then

/ / t—4 CXP( hi?,_g';) (A-o)F exp( —41('/71 _y|)> dnda

=<4T"> B(S-a+1,5-8+1)( 0)"/2“_“_ﬂexp<_H)

where B(a, b) =T(a)['(b)/T'(a+b), T is the gamma function.

Lemma 2.4.6. If é(x, t;y, 1) isthe Green’s function for Lu = div(a;j(x")Vu)—
Ou=0 in D' x(—oc0, 00), (X', x;,) € D'. Then the following integral identity
holds:

G(x,t;9,0)=Gy(x, t;y, 1)+ E(x,t;9,1),
t

Bty 0= [ di[ Gy, 13,000, 45y, )y
T D'

with ® being determined from the integral identity
Q(x,t;y,1)=LGy(x, 1y, 1)

t
+ [Ldi [ LGyx, 0, 000, 43y, .
T D'

Proof. The proof is exactly the same as the construction of the fundamental
solution of Lu =0 given in [F, Chapter 1] except that we use Lemma 2.4.4 to
control G, and replace Theorem 1 of Chapter 1 of [F] by the following lemma.
We omit the details of its proof.

Lemma 2.4.7. Lez f ,1) be a continuous bounded function in D' x (Ty, T)).
Then J(x,t,1) = fD, (x,t;y,1)f(y, t)dy is a continuous function in

(x,t,1), x€D', Ty<t<t<T and lim,_, J(x,t,1)=f(x, t).
Corollary 2.4.8. Let vg be the solution of the adjoint equation

ov .
LY vR_Za,,(y)a 82( ,t)+a—TR(z,r)=O in Dg x (=2R2, 0)

of L¥ where Dg = B(0, 2R)\B(0, R) with boundary value $(z/R, t/R?), ¢ €
C>®,0<¢<1,and

¢(z,1)=1 for(z,1)€dB(0,2)x(—4,0]uU(B(0, 2)\B(0; 1)) x {0},
¢(z,1)=0 for(z,7)€dB(0,1)x (-2, -4).

Then
IV 2UR | Loo (Dgx(~4R2 ,0)) < C/R < 00

for some constant C independent of y € D' and R > 0.

Proof. The lemma follows from the boundary Schauder’s estimate. (See [F,
Theorem 6, p. 65].)

Lemma 2.4.9. With the same notation as in Lemma 2.4.6, then the function

F(x,t;z,1)=LGy(x,t;z,1)
= div(a;;j(x" )\ VxGy(x, t; z, 1) — ,Gy(x, t; z, 7)
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satisfies the adjoint equation L"F =0 where
L = Zw-(y’)—a—z—— + 9
Y 32,’3 Zj ot’

F(x,152,7)],¢op =0
>t

and
. ) |x —y| 1 .  —zp
(i) |F(x,t;z,1)] SC{(t—r)nﬁ/Z + i R C ALy
|F(x,t;z,1)|
s Ce { (t = 1)n+3-)/2 * (t- T)(”+2—a)/2} *+ CXp {_C_ﬁ}

for some constants C,, C >0, C,, C both independent of y € 0D', -1 <1<
t<l1,x,zedD, 0<ax<l.

Proof. We first note that
LD'F(x,t;z,71)=L"LG,(x,t;z,7)=0

and
Gy(x’ t; z, T)leBD’ =0
>t
=>8;3,‘Gy(x,t;z,r)|z§;9?/=0 vr,s=0,1,2,...
= F(x,t;z,71)=LGy(x,t; z, 1)|,e9p =0.
1>1
Also
|F(x,t; z, 1)
=|LGy(x,t; z, 7)|
%G oG
_ (! y . — AL b2y .
=[S au) grge . 152, 0 A0 5, 152, )
—aa—th(x,t;z,t)
092G oG
— "N — (v y . — AL d(v 29y .
=[St - a0 ) g 13200 - 001 T2, 32, )
Ix -yl |x =z
SCG———‘(—)WCXP -C —1

1 |x — z|?
+C———(t_1)n+l/2-exp<—C P ) .

Proof of (ii). The proof of (ii) of Lemma 2.4.9 will be similar to the proof
of (i1) of Lemma 1.4. We first note that since 4D’ is smooth, D’ satisfies the
exterior sphere condition, i.e. there exists a positive constant 2 > 0 such that for
each x € D', V0 < r < h, there exists xo € D' such that B(xy, r)ND’ = {x}.

Case 1. 6(z) > h, then

{ < 5(2)1-" < 5(2)1_0' (t_.[)x—a/z < 5(2)'““

hl—a = " pl-a .(t_T)l—a/Z—Ca(t_T)l—a/Z
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since |¢|, [1] < 1. So by (i),
|F(x,t;z, )|
Ix -yl 1 Ix -2\ _d(z)'~
<G { TS =iz [P -C—; (t—1)i-an

cqflorbr., s bewp (~c=2E)

(t - 1.')""‘3_"/2 (t — ‘E)"+2_a/2 t—1

Case 2. 6(z) > (t—1)"/2/4. The proof is similar to the proof of Case 1.

Case 3. d(z)<h and 6(z)<(t—1)/2/4<h.

We fix z* € D' with |z — z*| = §(z) and set R = (¢t — 1)'/2/4. Since
0D’ satisfies the exterior sphere condition, there exists zo € 4D’ such that
B(zo, R)ND’' = {z*}. We may also assume zz* C D'. Consider the cylinder
Qr = Drx (1, T+ (2R)?), Dr = B(zo, 2R)\B(zo, R). Then, we have (z, 1) €
QrND x (-1, 1). Similar to the proof of Case 3 of Lemma 1.4, for any
(Z,7) € 0N D x [-1, 1]

e |x — ¥l 1 Jx = zf?
|F(x,t;Z,T)| < C{(l—‘t)"+2/2 + I exp| -C'——— =)
If Ur(Z,7) = vr(Z — 20,7 — (7 + 4R?)), (Z,7) € Qg, where vg is as in
Corollary 2.4.8, then since
{F(x,t;?,?):O
Tr(Z,7T) >0 VY(Z,7) € QgNID' x (—o0, o)

and

o |x =yl 1 |-x_2|2
{|F(x,t’zaT)'SC{(I_T)IH-Z/Z+(t_‘[)”+1/2 exp o t—1 ’

51((7, f) =1

for all
(z,7) € {0B(z0, 2R) x (1, T+ (2R)?]
U (B(z0, 2R)\B(zo, R)) x {t+ (2R)*}} N D x (—o0, 00),

by the maximum principle applied to the functions F(x, ¢, -, -) and

X~ | 1 |x—z|2 _
C{(t—‘[)”+2/2+(t_1-)n+l/2 exp  —C———— ) Ur(-, )

in the region Qg N D x (—o0, 00), we have

. Ix -yl 1 | -2\
IF(x’t’Z’T)lsc{(t_r)wz/z+(t_r)n+x/2 exp | -C——— p Ur(z, 1)

5z {_Ix—yl ! px - 2P
5C(z—r>'/2{(t—r>"+2/2+(t—r>"+'/2}""" (-e5=)

_c {xoyptr  oz) o x—zp
- Ca{ (t — 7)n+3-a/2 * (1 — 7)n+2=af2 exp C_t——_r_

(since 3(2) < (1 - 1)"2/4 = (3(2)/(t - 1)/2)e < 4-e).




632 K. M. HUI
Cased. 6(z)<h and 6(z) <h<4h<(t-1)/2.

Proof of Case 4 is similar to Case 3. We omit the details.
Lemma 2.4.10. With the same notation as 2.4.6, the function ®(x, t;y, 1) sat-
isfies the inequality

) l—a x — 2
|(D(x,t§y,f)|SCa(T:‘§T);—2,meXP(—ClZ_Ji,l), O<axl,

where C, is a constant independent of x,ye€ D' and t, 7, -1 <1<t<1.
Proof. Since @ satisfies the integral identity,
D(x,t;y,1)=LGy(x,t;y,1)

t
+/ d LGy(x,t;n, A)®(n,A;y, 1)dn.
T oD’

Therefore ®(x,t;y,1) = Y or(LGy)u(x,t;y, ) where (LGy)i(x,t;y, 1)
=LGy(x,t;y, 1) and

t
(LGy>V+1(x,z;y,r)=/ di [ LGyx, b0, LG (. 2: v, )dn
T !
forall v=1,2,.... By Lemma 2.4.9,
ILGy(x,t;y, 1) (=|F(x,t;y, 1))

(t - T)"+3_a/2 (t T)n+2—a/2 7.'

,_ o) X = y|2>
C(t_z-)n+2—a/2 -C t—1 .

Also from the proof of Lemma 2.4.9,

. Ix — 7l x —nf?
ILG’I('X’tyr’?}')lSCwep —C t—,{

1 Al =m?
+C"'—'—(1_,1)n+1/2e"p< C -

' 1 _ IX—’?|2
SC—(t_A)nH/zexp( C 1)

Therefore
1 Ix —nl?
(LG,)a(x, 137, 7)| < Ca / di Wexp(——C -

P) l—a 2
@ _(-[);21+2—a/2 exp( |’£ _yl ) dn

s(y)!-e x — y[\ [(1/2)[(e/2)
(= ryr+i-a2 &P (‘C ) T(a+1/2)

=C,

by Lemma 2.4.5. And in general

[(LGy)us1(x, 85y, 1)

<Cal"(1/2)”r(a/2) o)~ ( CIXI_J;IZ)

MNa+v/2) (t- T)n+2—u—a/2
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forall v =0,1,2,.... Therefore > .7 (LGy,),41(x,t;y, 1) is absolutely
convergent and

|©(x, 1;y, D < Y I(LGy)usi(x, 15y, )
v=0

LIC) - <—CM> .

a (t — T)n+2—a/2 t—1

IA
0

Lemma 2.4.11. With the same notation as Lemma 2.4.6, then the function

E(x,1;y,1)=G(x,t;9,1) = Gy(x, t;9, 1)

=/ i [ Gyx, t;n, ), At y, 1)dn

DI
satisfies the following inequality

P l—a x — 2
|VxE(X,t;y,T)ISCa(t_—S/)l-mexp<—Clt y‘), O0<axl,

where C, is a constant independent of x,y € D' and t,1, -1<1<t<]1.
Proof. By Lemma 2.4.4,

. . ¢ x —yl°
IVxGyl(x, t;y, 1) < WI—/ZCXD (_CT—T_ .

So
t
|vxE(x,t;y,r>|s/ a'A/ V2Gy(x, £ 0, D||®(n, Ay, 1)|dn

I ! _’”2
SCQ/1 da = nH/zexp( )

)' ( cln- ylz) dn

"(A=)nizer2 “ay2 CXP A—1
,_dm' cx—y?
< Gy (t—r)”“ a/2 exp t—1

by Lemma 2.4.5 and Lemma 2.4.10.
Lemma 2.4.12. With the same notation as Lemma 2.4.6,

lim / IVxE(x,0;y,1)|do(x)=0.
(y,1)elg(0) JoD!
T—

Proof. Choose 0 < a < 1/2 in Lemma 2.4.11. Then for (y, 7) € T4(0),
[ 9B, 03y, Dldot)
D"

s(y)'-e x —yP?
< Caw/aly eXp —CT dO'(X)

(
, (z)(m ,|xI?
SCQW/BD’eXp —C_—T' dU(X)
(

—7)1=2/2 ,0 ast—0.
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Lemma 2.4.13. The function

Zau(y)nz(X) y(x t;y,1), x€dD, y=(,y)eD,

where —1 <t <t <1 and (ni(x))", = Ny is the inward normal to D' at x,
satisfies the following integral equation:

Y a()ni (X) y(x t;y,7)

i,j
=2H)(x,t;y, r)—Z/ dl/ Hy(x,t;n, Awy(n, A;y, 1)do(n)
T nean’
where
v, A3y, 1) =Y ai(y)ni(n) (n,i Y, 1),
Hy(xat;ﬂ,'l) Zalj(y)n (x t ’7,1),
1
Zy(X,t;ﬂ,l)=W

1 S @il (y)(x; = m)(x; — 1)
'<4n(t—a>>"/2"’"p{ =0 ]}
(@ (y)=A7" = (a;;(y))~"
Also

t
/ / lwy(n,A;y, t)|da(n) < C <oo, C independent ofy € D'.
t Jap

Proof. We first observe that Zy(x , t;n, A) is the fundamental solution of

ou
L”u—Za,, ,8x, x,t)—au(x,t)zo

By the theory of layer potentials [LSU, p. 409] and [PO] the Green’s function
G,(x, t; z, 1) for the equation LY =0 in D’ x (—o0, o) is then given by

Gy(x,t;Z,T)=Zy(x,t;Z,T)—gy(X,t;Z,T)
where

t
gy(x,t;z,r)=/ di | Zy(x,t;n, wy(n, 4; z, t)da(n)
T oD’

forall x e R", z € D, 1< t, with the density w, being determined from the
integral equation

wy(x,t;z,1)=2Hy(x,t;z,71)

—2/ da Hy(x, t;n, Awy(n, 4; z, 1)da(n).
aD'
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Now for x € D',

. 08 _
lim aiin(X)=2(x,t;z, 1) =H,(x,t; 2,1
I(GW)—»xZ ij(y)ni( )axj( ) = Hy( )
X—xLNy

1
_wy(X,t;Z,T)

=Wy()c,t;z,t)+2

where

t
Wy<x,z;z,r)=/ di [ Hyx,t:n, dwyn, 1; z, 7)do(n)
T oD’

and

lim Za,,(y n;(X )Bg (x,t;z,1)=W,(x,t; z, r)—lwy(x t;2,1)
X(€D)—x ax_l 2

X—x LNy

=H,(x,t;z,1)—wy(x,t;z,1).
Therefore Vx € 8D’

> aij(y)ni(x y(x t;z,1)

= lim a;j(y)ni( X,t;z,7T
. Z ii(») ( )
E—xle

_ 0z, 08y — ..
_x(elll)qu{Za,, (6 J(x t;z,1)— axj(x,t,z,r))}

X—xLN,
=Y aij(y)ni(x) y(x t;2,1) = (Hy(x,t; 2, 7) —wy(x, t; z, 7))
=wy(x,t,z,r).

Also by the result of [LSU, p. 411, [/ dA [, [wy(n, 4;y, 7)|da(n) < C < oo
for some constant C independent of y .

Lemma 2.4.14. Use the same notation as Lemma 2.4.6. For any 0 < 2e < ry
(ro as in the beginning of subsection 2.2),

2/|x|<e By(x, 0;p, )do(x) = % as (y, 1) €T4(0) - (0, 0).

xeaD’
Proof. For x € D', |xl <e, (y,1)€Tp(0), ly| <e,

Zau(}’)n (x 0;y,7)

jk _
=) a(y)ni(x) (—&2)(()_(%))—")) Zy(x,0;y,7)

i,j,k
Ny
=<x—2(_JiT—)—>Zy(x 0;y,1)
7 (x,059, 7).

e
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Therefore

2 Hy(x,0;y,1)da(x)
[x|<e
x€aD’

_ =80 1
 Van(-1)32 (detaii(y)) 2 (4n(—7))"- 12

e (_Za"f(yxx,»—yi)(x,-—y,)) o
Ix'|<e

4(-1)
_ Yn—90") ( 1 _1>
"~ Var(—1)32 \(detaii(y))172
1 > a¥(y)(xi — yi)(x; — y)) )
@ (=07 /.xqgf"" <" T )""
L Inmd0) 1
Var(—op2 @n(—0) 1

i _Xal)xi =y =)\ o
/w.sa exp ( ) ) dx

=L+15.

g < 10|

Van(—1)2 | (detaii(y) /2 1’
.__.1— _ |x_y|2 ’
(dn (1)) 172 / e ‘”‘"( = )d"
x'eR!
< |tgaareryn -

1 i ‘

R S XY
(4n ()12 / i|<e "”‘p( < (—r)) dx

xleRn—I

L 1’-»0 as (v, 7) € T4(0) = (0, 0)

¢ ’ (det(@i (/)2 ~

since (a'/(y))~! — I = identity matrix as y — 0.
For I, since |y’| < C(-1)%?, we have

Yn— @) Yn 0(y"?)

- MR

(-1)32 " (-1)32 =B+0(?) » B ast—0

and

1 Y a (y)(xi —yi)(xj —y)) ,
(@n(—0))-172 / wige P (‘ — ) dx

x'eRrr!

/ exp(—|X')?/4)dx =1 ast— 0.
Xx'€Rn-1

4(—1)

1
= @nyn17
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Therefore I, —» f/V4n as (y, 1) € f,g(O) — (0, 0). So

ﬂ —
2 H,(x,0;y,1)d =L+, - — as(y,1)ely0)—
[, e 05y, do =1+ D= o a5 (v, 1) €Ty0)

x€dD’

Lemma 2.4.15. With the same notation as Lemma 2.4.13, we have

G
/|x <o Yay0In(0F2(x, 0y, 0dx’

eRn 1
/.x.<s S au)mx) 3, 05y, ) da(e)
xeaD'

—»E as (y, r)eFﬂ(O) (0;0).

Proof. By Lemma 2.4.13,

BG
2o ayIm(x)F Ik x, 05y, 7) = 2Hy(x, 037, %)

—2/ ai [ Hyx,05n, Dw,n, Ay, 7)do(n).
nean’

Also x;, =0 for x € D', |x| < ¢, therefore
oG
[ Taomn5 2, 053, 0 dox)
J

oG,
‘/m« P am(x) 5 0x, 0y,

B /|x|5e =2 /ro di{/msze * /Iﬂ|>2s}

x'edD’ neaD’ nesD’

'Hy(x, 0’ n, l)wy(ﬂ, j', Y, T)da(ﬂ)dx’

+2/ Hy(x,0;y,1)dx’
|x|<e

x'€dD’
=Ji+hHh+J3.
Now for x,n € oD, |x|,|n < 2¢, we have x;, = n, = 0 and N, =
(0,...,0,1). So
Hy(x, 05,0 = 3 ag)m(0) 32 (x, 01, 4

Xj

__<Nx’x-77) .
——2(_/1)—Zy(x,0,'7,/1)

637

0, 0).
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Therefore J; = 0. For |x| < ¢, |n| > 26, x,n € D', (y,1) € f,g(O),
—-1<1<A<0,since

\Hy(x, 0; 7, 2)] = |Za,~,~<y>n,~<x)92—y<x, i1, 4)

=‘ (Nx,x ’7

5 (2,(x, 05, )

1 &?
= Cm—T e (-¢7%)-

Therefore |J,| is

0 i 2
o [ (e i
Irl<e Je wean (—A)H172 €Xp =0 lw(n,A,y, t)|do(n)dx

Inl>2e
2

- C € —
<Cert sup oprenp (<CFn) =0 as(v, 1) (€T(0) - (0,0,

1<i<0

Also by Lemma 2.4.14, J; — B/V4n as (y, 1) (€ 1_",;(0)) — (0, 0). Therefore

B

lim Za,j(y’)n,-(x)gi(x 0;y,1)dx’ m.

W, ‘t)Erp |x |<e
7—0 X ER” 1

Lemma 2.4.16. With the same notation as Lemma 2.4.6 and Lemma 2.4.13, we
have

. dG B
lim 2= (x,0;y,1)dx' = —.
(v, 1)eT(0)J |x'|<e oxy, ) \/47t
7—0 x'eRr!
Proof. By Lemma 2.4.6,
8G
x,0;y,1)dx’
/{x |<e axtlt( )
x'er*!
oGy
= (x,0;y,1)dx'
/lx 1<e 90Xy )
x'eRr"!
+/ aE,(x 0;y,)dx'
|x'|<e 0x
x'eRrr-!

=L+1.
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By Lemma 2.4.12, I, - 0 as (y, 1) (€ 1_",3(0)) — (0, 0). Also

B ’ / , 9G,
L -—|<|I, - T i 0; dx’'
1 m = 1 Ix'lse Zal](y )n (x) ax (x y T) X
x'€Rm!
B
aij(y')n; x—x 0; dx' — —
Vumzl QF ( v, dx Van
x'eR*!
=E +E.

By Lemma 2.4.15, E; — 0 as (y, 7) (€ T'4(0)) — (0, 0). While

(ni(x),; =(0,...,0,1)

E, = lI. / Za,,,(y (x,0;y,7)dx'
[x'|<e

x'eRn-!
G
SC{ > 1ani )+ ann(y’ —ll} max (x 0;y, 1) dx'
1<j<n-1 lJ;II;eI
X
0
sc{ > ‘6—?(y')’+|vy }
1<j<n—119%i
o(») ( |x yl2>
. exp | -C dx’'
/ wige T2 P 7
x'eRm-!
0
<o & |22un| w000}
1<j<n—119Yi
._1_/ exp< Cll /IZ) dx/
lt|"=172 J er1<e |7
x'eRr"!
/ % / \12
<CY Y (5,00 + 19y 0
1<j<n—119Y)

s (¥, 1) (_e I_“,g(O)) — (0, 0) since Vé(0) = 0. Hence |I;, — B/Vdn| — 0 as
(¥, 1) (eT4(0)) = (0,0). So

0G (x,0;y,1)dx' = \/%

lim -
w.0er0) J |x'|<e OX7
=0  x'er"!

We are now ready for the proof of Theorem 2.4.1.
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Proof of Theorem 2.4.1.

PYe: B
/xeaDaNx(" 05y, 1)do(x) = 7=

oG
< 0; d
_Lm S 05y, 7| do(x)
|x'|>e
+ ViGlx, 0;, 1) (~V(x'), 1)dx' — P
LGBD «Glx, 0y, 1)+ (-V(x), Dx' - —=
|x'|<e
5/ (x,0;y, 1) do(x)
xeap | O Ny
[x'|>e
+ sup |V¢(X')I°/ IViG(x,0;y, 1)dx'
|x'|<e X€EOD
|x'|<e
oG B
+ x,0;y,0)dx - —
)/lx’lge 6x;x( o Van
x'eR!
=L+L+1L
since
oG ' _0G (X', Xn)| _
Bx,,(x’o’y’T)_ax;, ) and 'B(x’,x;,) =1

with x;, = x, — ¢(x’) . Now

o(y) Ix —yI?
V.G(x,0;y,1 dx’g/ —exp(—C dx’'
Loy 1756 ) ccor T2 i

Ix'I<e Ix'|<e

c X

1
< ol exp( > dx' < C'
/xeaD' |7|n=1/2 7]

Ix'|<e
for (v, 1) € T4(0).
Therefore |I3] < C” sup|<. [V2o(x')||x'| < C"e.
By Lemma 2.4.16, I3 — 0 as (y, 1) € _fﬂ(O) — 0. Also I} - 0 as 7 — 0.

Therefore
— oG B
lim / x,0;y,7)do(x)— —|<Ce¢ Ve>0
(y,1)€T4(0) | /xeaD BN( ( Vérn
7—0
oG B
= lim x,0;y,1)do(x) = —.
(v,7)€T4(0) JxeaD aNx( v, 1)da(x) vién

T—

2.5. An example. In this section we will give an example of a solution of the
heat equation in R? to show that the index 3/2 on ¢ in the definition of the
space-time cone for the corner points of a cylinder is essentially sharp.
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By the result of P. Hartman and A. Wintner [HW] and Hattemer [H], if

0(x, 1) = i (4711)_1/2 exp (—%) ’

k=—00

then the Green function for the heat equation in the region D, x (0, co), where
=[0, 1]?, is given by

2
G((x1, x2), 15 (1, ¥2), 1) = [[{0xi = yi, t = 1) = 6(x; + yi, t = 7))
i=1

where 0 < s <t < oo. Therefore

oG

aT'_ = _zexl(xl > t“1)°{0(x2 -2, t_T) _o(xz +)2, t—"t)}
(y1,y2)

»n=0

where 0/0Ny, ,, is the derivative in the direction of the inward normal
Ny, ,y,) to 0Dy at (y1,y2) € dD;. By the representation theorem in sub-
section 2.2,

1
u(x, t) = —204(x1, t—r)-/0 {0(x2—y2,t=1)=0(x2+y2,t—1)}dy2

with x = (x;, x3) € Dy, t > 0, is the strong solution of the (IDP) in D; x
(0, oo) with initial trace 0 on D; and trace dA on 9D, that equals dx; on
{0} x [0, 1] and equals 0 on 8D1\{O} x [0, 1].

Fix a point (x?, x9) = (0, x3) € D, 0 < xJ < 1, and let (x,?) € Dy x
(0, 00). Then

1
/0 (002 =2, 1 —7) — B(x2 + 2, 1 — 1)} d¥2
is the bounded solution of the heat equation in [0, 1]x (0, oo) with initial value
1 on (0, 1) x {0} and boundary value O on the lateral sides of [0, 1]x (0, c0).
Therefore
1
/ (00x2 =y, 1= 1) = 0(x2 492, 1= D} dys = 1 if |x2 = x3 < C2 = 0.

0

On the other hand,

> 1 20 + 2Kk) (x1 + 2k)?
_ 7)) = 12 AL TSR _\AM T eR)
20, (x1,t—1)=2 E (4nt) 47 exp 7

i () i oo (5.

If x; = Bt%, then the second term always goes to 0 as ¢t — 0 while the first
term will converge to 0 if a > 3/2, oo if a < 3/2, f/vV4n if a=3/2. Hence

ux, 1) =0 ast—0ifa>3/2and xi = B, |xr - x3] < CH2,
—o0o ast—0ifa<3/2and x; = B9, |x; — xJ| < C/%,

B
Van

—

ast— 0ifa=3/2and x, = p¢°, |x2—xg|§Cl3/2.
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Therefore the index 3/2 on ¢ in the definition of the space-time cone is essen-
tially sharp.
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